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Abstract. Traditionally in categorical logic predicates on an object/type X are 
represented as subobjects of X. Here we break with that tradition and use maps 
of the form p: X — > X + X with [id, id] o p — id as predicates. This new 
view gives a more dynamic, measurement-oriented view on predicates, that works 
well especially in a quantitative setting. In classical logic (in the category of sets) 
these new predicates coincide with the traditional ones (subsets, or characteristic 
maps X — > {0, 1}); in probabilistic logic (in the category of sets and stochastic 
matrices), the new predicates correspond to fuzzy predicates X — s- [0, 1]; and in 
quantum logic (in Hilbert spaces) they correspond to effects (positive endomaps 
below the identity), which may be understood as fuzzy predicates on a changed 
basis. 

It is shown that, under certain conditions about coproducts +, predicates p : X — > 
X + X form effect algebras and carry a scalar multiplication (with probabili- 
ties). Suitable substitution functors give rise to indexed/fibred categories. In the 
quantum case the famous Bom rule — describing the probability of observation 
outcomes — follows directly from the form of these substitution functors: prob- 
ability calculation becomes substitution in predicate logic. Moreover, the char- 
acteristic maps associated with predicates provide tests in a dynamic logic, and 
turn out to capture measurement in a form that uniformly covers the classical, 
probabilistic and quantum case. The probabilities incorporated in predicates (as 
eigenvalues) serves as weights for the possible measurement outcomes. 



1 Introduction 

Mathematical logic started in the 19th century with George Boole's Laws of Thought. 
Since then 'Boolean algebras' form the (algebraic) basis of formal logic. In the 20th 
century these Boolean algebras have been generalised, mainly in two directions, see 
Figure Q] Of these two directions the one on the left is most familiar and influential. 
It has given rise to the edifice of topos theory, where the logic naturally associated 
with geometric structures is intuitionistic — in the sense that the double-negation law 
-^^P = P fails. Also, it has given rise to Martin-Lof's intuitionistic type theory 11471521 . 
which forms the foundation for the theorem prover Coq (and other such computerised 
formal systems). In this tradition it is claimed that the natural logic of computation is 
intuitionistic. 
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Fig. 1. Generalisations of Boolean logic 



However, there are generalisations of Boolean logic where double-negation holds, 
like linear logic or quantum logic. In this tradition negation is often written as super- 
script P- 1 and called orthocomplement. The logic of the quantum world has first been 
formalised by von Neumann and Birkhoff in terms of orthomodular lattices 1 50 6| (see 
also the monograph [40 1). But these orthomodular lattices are rather awkward mathe- 
matical structures that have not led to a formal calculus of propositions (or predicates) 
capturing relevant logical phenomena in physics. 

A second generalisation, started in the 1990s, involves so-called effect algebras |2D 
and effect modules, introduced in various forms (e.g. as D-posets |[T3l or as weak or- 
thoalgebras in [23]) and by various people (see [20 1), notably by theoretical physicists 
Foulis, Bennet, Gudder and Pulmannova, who published their work in the physics liter- 
ature, largely outside the range of perception of traditional logicians. These effect alge- 
bras are partial commutative monoids with an orthocomplement (— ) . Examples come 
from classical logic (Boolean algebras), quantum logic (orthomodular lattices, like the 
projections of a Hilbert space), probability theory (the unit interval [0,1]) and measure 
theory (step functions, taking finitely many values). Effect algebras form a common 
generalisation of structures from logic and probability theory, making it possible to see 
both negation P H> -^P in logic and opposite probability r H> 1 — r, as instances of 
the same orthocomplement operation. Partial commutative monoids have appeared in 
programming language semantics early on, notably in the partially additive structures 
of HI, and also in models of linear logic [26 1 . But orthocomplement is typical of the 
more restrictive quantum context. 

Effect modules are effect algebras with an additional scalar multiplication, where 
the scalars are probabilities (usually from [0, 1]). Intuitively, these effect modules can 
be seen as vector spaces, defined not over the real or complex numbers, but over [0, 1]. 
They capture some essential properties of structures used in probability theory. In a 
quantum context the effects £f(H) of a Hilbert space H (the positive operators below 
the identity) form the main example, but more generally, [0, 1] -valued functions form 
examples. 
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The basic theory of effect algebras and modules has been developed by several 
physicists who (understandably) lacked a background in modern logic, (program) se- 
mantics, and categorical logic. Especially the unfamiliarity with the modern methods 
of categorical logic seriously hampered, or even blocked, progress in this field. As a 
result these founders failed to identify certain fundamental relationships and similari- 
ties with programming semantics and logic (notably the categorical dualities between 
convex sets and effect modules ||36l , described in quantum theoretic terms as the duality 
between states and effects, or between Schrodinger's and Heisenberg's view, see ||29l 
Chapter 2]). 

The main topic of this paper however is different. It involves a natural representation 
of logical formulas in categories, supporting the right branch in FigureQ] The traditional 
approach in categorical logic of representing predicates as subobjects does not work, 
since double-negation only rarely holds for such predicates. 

The essence of the novel approach that we propose here is to represent a predicate 
on a set/type/object X as a map: 



X — -*-X + X 



where + describes a coproduct in some category. This approach is certainly not as gen- 
eral as the subobject-based approach, but it does have some distinctive advantages. Most 
importantly, orthocomplement is easy, namely just post-compose a predicate p: X — > 
X + X with the swap map [K2, «i] : X + X -=-> X + X. Thus p 1 - = [k2, «i] ° p, im- 
mediately giving us p- 11 - = p. Notice that we can take the first coprojection K\ : X — > 
X + X as "true" and the second coprojection K2 ■ X — > X + X as "false". Orthocom- 
plement (— ) exchanges true and false. 

The representation ([TJ describes a predicate as a coalgebra, of the functor Y n- 
Y + Y. Indeed, this representation emphasises the dynamic character of predicates, 
describing a transition to successor states. This is most clearly the case in measurement 
specified by a predicate, see SectionfTOl 

We briefly describe this representation ((T) for our main application areas: classical 
logic, probabilistic logic, and quantum logic. Details will appear later on in the paper. 

- The world of classical logic appears when we consider a map p : X — > X + X 
with V o p = id in the category Sets of sets and functions. The coproduct + in 
Sets is simply disjoint union. The equation V o p = id means that p(x) E X + X 
can be only of the form k%x, in the left component of X + X, or of the form K2X, 
in the right component. Thus we can identify p with a subset U C X, namely 
U = {x I p{x) — K\x}. Then —U — {x \ p(x) — K2x} — {x \ p (x) — K\x}. 
We shall see that this approach makes sense more generally, in so-called extensive 
categories (which include toposes). 

- As (simple) probabilistic model we take a category of sets and stochastic relations 
between them. More formally, this is the Kleisli category K£(D) of the discrete 
probability distribution monad T> on Sets. This monad maps a set X to the collec- 



satisfying 
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tion of formal convex combinations of elements in X. 



V{X) = {r x x x + ■■■+ r n x n | x t € X, r % G [0, 1] with £\ r< = 1}. 

An object of the Kleisli category KX(T>) is just a set, and a map / : X —> Y is a 
function f:X—> T>{Y); it can be seen as a stochastic relation between X and Y, 
or also as a Markov chain — with probability of a transition x — >• a;, described by 
r, G [0, 1] in the convex sum /(a;) = rixx + ■ • • + r n x n . The identity X — > X 
sends i e Ito the singleton (or 'Dirac') distribution lx G T>{X). This category 
K2(D) has coproducts + as in Sets. A predicate ([TJ is given by a function p : X — > 
T>(X + X) and the equation V o p = id in the Kleisli category means that each 
p{x) G P(X + X) can only be a convex combination of the left and right elements 
K\x, K2X E X + X. Thus we can write: 



Thus, a predicate |T) on X in K£(D) can be identified with a "fuzzy" predicate 
ip: X — > [0, 1]. In this way we see that fuzzy logic — where truth comes in degrees 
— naturally emerges from probabilistic modelling. The orthocomplement <p cor- 
responds to the function x H> 1 — ip(x). It involves pointwise the orthocomplement 
on the unit interval [0,1]. As we shall see, the structure that is naturally associated 
with fuzzy predicates is described in terms of effect algebras and modules. 
- For the quantum logic perspective we turn to the category Hilb of Hilbert spaces 
and linear continuous (bounded) maps. The coproduct in Hilb is special, because 
it is at the same time a product. This is called a 'biproduct', written as ©. Thus, a 
predicate (fl} on a Hilbert space X is given by a pair of maps p = (pi,P2) : X — > 
X(£>X. The condition V o p = id means thatp x +p 2 = id, where + now describes 
(pointwise) addition of maps. Thus, the predicate p is determined by its first part 
p x , since p 2 = id - p v 

The category Hilb is a so-called dagger category: there is a functor (— y : Hilb op — » 
Hilb that is the identity on objects and complex conjugation on morphisms. Thus 
/ = / f° r a ma P / in Hilb. In presence of such a dagger one calls a map / : X — > 
X positive, if it can be written of the form / = o g. 

In this context it makes sense to call a predicate p = (pi,P2) :l4lffil posi- 
tive if both maps pi : X — > X are positive. But if p\ > and p 2 = id — p\ > 0, we 
must have < p\ < id. Such maps are called effects, see [45 4-3 1 . They are "quan- 
tum fuzzy predicates", and form one of the main examples of the notion of effect 
algebra. They are also called "unsharp" predicates, where the subset of projections 
contains the "sharp" predicates, see (the title of) [21 J. These effects occur as predi- 
cates in the quantum weakest precondition calculus of 1 16 1. It is noteworthy that the 
new representation (JTJ of positive predicates in Hilbert spaces captures effects, and 
not projections (the representations of formulas in the orthomodular logic started 
by von Neumann). 




where 




satisfy <p(x) + tp(x) = 1. 



Hence we may also write p as convex combination: 



p(x) = ip(x)hiiX + (1 — cp(x))K2X. 
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Since all these examples of predicates of the form X — > X + X have the structure 
of an effect algebra, one immediately wonders if this structure exists in general for 
such predicates. It turns out that the coproduct has to satisfy certain assumptions, but 
if this is the case, we can define a partial sum operation © on predicates. This © is 
an essential part of the notion of an effect algebra. An example is the sum operation 
+ on the unit interval [0, 1]: it is clearly partial, since if r + s > 1 for r,s £ [0, 1], 
their sum r + s does not exist in [0,1]. Interestingly, the founder of mathematical logic, 
George Boole, originally defined disjunction only as a partial operation, defined on 
disjoint subsets only. This makes perfect sense from the effect algebra perspective (see 
Example|7]below). 

So assume we have two predicates p, q: X — s- X + X on X. We say that the sum 
p&q: X -> X + X exists, if there is a "bound" b : X ->• (X + X) + X such that: 



X 



(X + X) + X 

\ \ J~ 
-+X + X 



X) + X 




X) + X 




Thus, the bound tries to combine the left parts of p and q in its first two components 
of (X + X) + X. For a more precise description, see Definition [3]below. In the three 
examples listed above, © is: 



- union of subsets, but only if the subsets are disjoint; 

- pointwise sum of fuzzy predicates <p, ip : X — > [0, 1], provided that ip(x) + ij){x) < 
1 for each x € X; 

- pointwise sum of effects, provided the sum is below the identity map. 

This definition of sum © follows [35] where it is used only in a probabilistic context. 
In fact, the essence of many of the effect algebra results described below occur in [35], 
but in a more restricted setting. 

In Section [6] it will be shown that for these predicates of the form X — >• X + X 
appropriate substitution functors /* can be defined: for a map / : X — ► Y, this /* 
is a map of effect algebras from (positive) predicates on Y to (positive) predicates on 
X. The standard way to organise predicates and substitution in categorical logic is via 
indexed or fibred categories, see [32|. Such structures also arise in the current setting, 
with fibred effect structure, and even with a comprehension operation. 

In the quantum case the substitution functor /* takes the form: 



/*( 



r-vr + y 



H 



X-^Y 



Y + Y 



r+r 



X + x 



where / is a unitary (or more generally, a dagger monic, or isometric) map. This double 
occurrence of /, both before and after the predicate q is significant, since it gives rise 
to the Born rule. This rule says that the probability of a certain outcome is given by the 
square of the absolute value of the relevant amplitude. The double occurrence of / and 
P in substitution /* leads directly to the Born rule (see ExamplefTJt. since z^z = \z\ 2 . 
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The final section concentrates on measurement in the present context. We view 
predicates as specifications of measurements — where in other settings projections, self- 
adjoints, or Positive Operator- Valued Measures (POVMs) are used, see |51 1. It is first 
shown that in all our examples one can associate a certain characteristic map char p with 
a predicate p, so that p can be recovered via substitution as p = (char p )* (Q), from 
a special predicate fi. This resembles the situation of a topos. The characteristic map 
char p is used for two purposes: (1) to define test operations (pi) (— ) and [pi] (— ) like in 
dynamic logic, and (2) for the passage to successor states in measurement (specified by 
p). Measurement will be described in three different forms: on pure states, on predicate- 
transformers, and on mixed states (via duality). This works in our three flavours of logic: 
set-theoretic, probabilistic, and quantum, although in the first two cases measurement 
is a bit trivial, with char p = p. In the quantum case we have char p = ^fp, see Section|9] 
for more details. The square root acts as inverse for the squaring used in substitution (as 
mentioned above). 

The novelty of this work lies first of all in the new way of representing predicates as 
maps X — s- X + X, and in the description of the associated effect structure to capture 
the quantitative character of classical, probabilistic, and quantum logic. But on a deeper 
level three new elements can be distinguished. 

(1) The Born rule provides the link between the mathematical formalism of quantum 
theory and experiments, and as such is almost single-handedly responsible for prac- 
tically all predictions of quantum physics. Whereas Born in 1926 simply postulated 
this rule (in [8 1, see also [6|), attempts to derive the rule from first (physical) prin- 
ciples go back at least to the 1960s. The reference R4l contains an overview and 
discussion, and ends with the sentence: "The conclusion seems to be that no gen- 
erally accepted derivation of the Born rule has been given to date, but this does not 
imply that such a derivation is impossible in principle.". Here the Born rule simply 
follows from the categorical organisation of effects in an indexed/fibred category. 
Of course, this does not provide a derivation of the Born rule from physical princi- 
ples, but a characterisation in (categorical) logic, namely as substitution. 

(2) Eigenvalues are frequently seen as irrelevant in quantum measurement, and are used 
only as labels or place holders. As illustration we quote [55| §§4.3.1]: "In particular, 
since the eigenvalues are simply labels for the subspaces or possible outcomes, the 
specific values of the eigenvalues are irrelevant; it matters only which ones are 
distinct." In the current setting, let q: H —> H be a predicate/effect on a finite- 
dimensional Hilbert space H. In its spectral decomposition q = J2 i Xi\vi)(vi | the 
eigenvalues Xi are in the unit interval [0,1]. Hence, the combined eigenvalues form 
a fuzzy predicate n —> [0, 1], where n = dim(iJ). These eigenvalues do play a role 
in the way we understand measurement here, namely as weights (multiplication 
factors) for the probabilities of the corresponding projection outcomes (onto the 
eigenvectors | Vi )). The square roots ^/q, and hence also \f\i , are essential for this 
to work. Analogously, in the probabilistic case, measurement wit. a fuzzy predicate 
cp ; X — > [0, 1] means that the probability of x E X in a given state is multiplied 
by a factor <p(x) € [0,1]. 

(3) A semantic foundation is given for a dynamic logic, involving modal operators 
lf](p) — f*(p) by substitution, and tests (pl)(q) and [pl](q) defined via charac- 
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teristic maps char p , see Subsection 19. II The latter two operations have the famil- 
iar meaning in the set-theoretic and probabilistic case (including the Reichenbach 
implication), but seem to be new in the quantum case. Their use is illustrated in 
probability calculations in the familiar polarisation experiment (see Example \T%. 

The categorical study of quantum foundations started with the recognition of the 
sheaf-theoretic nature of the Kochen-Specker Theorem in ifTolFl and with the use of 
tensor categories in JT] to capture composite systems and entanglement. The current 
work is in a sense orthogonal to the latter work. Here, the logical approach is not (yet) 
elaborated for composite systems, and in [1 1 the quantitative and probabilistic aspects 
of the theory are missing. Future work should lead to an appropriate combination. 

This paper is organised as follows. First, it contains a discussion of coproducts (and 
biproducts), and especially of the conditions that they will have to satisfy in order to get 
the current approach off the ground. Section |3]describes the new approach to predicates 
in detail, with many examples, and Section|4]introduces the partial sum operation © on 
these predicates. Subsequently, Section|5]puts this operation © in the wider perspective 
of effect algebras/monoids/modules. The topic of substitution for predicates is covered 
in Section [6] and the effect monoid and module structure on predicates is defined in 
Sections [7] and [8] Substitution is used to define characteristic maps char p in Section [9J 
which give rise to test operations [pi] and (pi). Finally, measurement, using these char- 
acteristic maps, appears in Section [10] The paper concludes with some final remarks 
and topics for further research. 

2 Coproducts and biproducts 

As explained in the introduction we will be using maps of the form X —> X + X as 
predicates. This does not always make sense: for instance, in a poset (as a category) with 
join V as coproduct + one has XV X = X so that predicates trivialise. In this section we 
will discuss some conditions on coproducts that will be relevant in the current setting. 
Special attention will be devoted to coproducts which are at the same time products (the 
so-called biproducts). 

We start by recalling some basic facts about finite coproducts (0, +) in an arbitrary 
category C. We write for the initial object in C, with unique map ! : — > X to each 
object X E C. The coproduct object X + Y of two objects X, Y 6 C comes with two 
coprojections Ki : X — > X + Y and K2 '■ Y — > X + Y which are universal: for each 
pair of maps / : X — > Z and g : Y — » Z there is a unique cotuple [/, g] : X + Y — > Z 
with [/, g] o ki = f and [/, g\ o k 2 = <?. For two maps h : X A and k:Y^?B one 
writes h + k = [m o h, K2 ° k] : X + Y — >• A + B. The codiagonal map X + X — >• X 
is written as V = [id, id]. 

In the sequel we shall make frequent use of certain assumptions about coproducts 
+. At this stage we already make them explicit. These assumptions slightly generalise 
the ones used in [35|. 

1 In the resulting topos-theoretic approach the goal is to interpret quantum mechanics within the 
left branch in Figure [TJ see also 119. 311121 . 
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Assumption 1 ( i). Specific diagram involving coproducts are pullbacks, namely: 

A + X ld+9 * A + Y X X ^Y 

/+id| J (E) \f+id ki| J (K) |«i «i| J (K+) |«i 
B + X ^B + Y X + A ^Y + A X + A Y + B 

id+g f+id f+g 

The letter '£" stands for exchange, 'K' for kappa (or coprojection). 
( ii). The two parallel maps: 



[id,K 2 ] 



(X+X) +X X + X acting as • • • • • (2) 

[[k.2,Ki],K 2 ] 

are jointly monic; this means that for parallel maps f, g one has f — g as soon as 
both: 

[id,K 2 ] ° / = [id, K2] o g and [[k 2 , «i], K2] / = [[«2, «i], K2] 9- 
(Hi). Also the following diagrams are pullbacks, 

X + X t+t > Y + Y (X + X) + X (J+J)+ ^ (Y + Y) + Y 

vj (D) Jv v+id| (D+) |v+id 

X ^Y X + X ^Y + Y 

f f+f 

where the letter 'D ' stands for diagonal. 
2.1 Extensive categories 

We recall that coproducts are called disjoint if the coprojections K\, k 2 are monic and 
their intersection is empty. The latter means that the following diagram is a pullback. 

o_ U-y 

' ! 



X^-^X + Y 

Kl 

These coproducts are called universal if for each map / : Z — > X + Y the two pullbacks 
below exist, and yield an isomorphism [hi, fc 2 ] : Zi + Z 2 -=-> Z. 

Z 1 > ^ z * <z 2 

X> ^X + Y -< <Y 
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A category with such disjoint and universal coproducts is called extensive IfTTl , For 
instance, the category Sets, like any topos (see e.g Q Vol.3, §§5.9]), is extensive. 

We remark that the initial object of an extensive category is strict: any map X — > 
is an isomorphism. In case an extensive category has products x, these products 
distribute over coproducts, see llTTI . 

Lemma 1. In an extensive category Assumption^ holds: all listed squares are pull- 
backs, and the two maps [id, K2], [[k>2, i^-i], 1^2] ore jointly monic. 

Proof. Elementary, but laborious. □ 



2.2 Biproducts in dagger categories 

A biproduct category has biproducts (0, ffi); these are both products and coproducts, in 
the following manner. The object is a zero object, which means that it is both initial 
and final. As a result, between any two objects X, Y there is a zero map X —> — > Y, 
also written as 0. The biproduct Xi(&X2 comes with both coprojections and projections: 



Xi Ki > Xi © X 2 — Xj where nj o n % = 



id if i = j 
otherwise. 



In that case (co)projections can be expressed as (co)tuples, via: 

7Ti = [id,0] 7T 2 = [0,id] m = (id,0) k 2 = (0,id). 

One sees that the two coprojections are monomorphisms and their pullback is the zero 
object 0. 

In presence of such biproducts (0, ©) each homset of maps X —> Y is a commuta- 
tive monoid, via the zero map and addition: 

/ Zi=(id,id) fffiq V=[id,idl \ 

f + g=(X — -IX®X ~ Y (BY L^F). (3) 



This monoid structure is preserved by pre- and post-composition, making the category 
enriched over the category CMon of commutative monoids. Moreover, (co)tupling and 
+ interact in the following way. 

[/) 9} = (/ ti) + (.9 k 2 ) (ft, /a) + (91,92) = (h + 91J2 + 92) 
if, 9) = («i /) + («2 o 9) [fx , fz] + [gi , 92] = [h + 91 , h + 92} 

In an additive category these commutative monoids have additive inverses — /: X — > 
Y, for each / : X — > Y, making the category Ab-enriched (where Ab is the category 
of Abelian groups). 

A category C is a dagger category if it comes with a functor (— )T : C op — > C that is 
the identity on objects; on arrows it should satisfy /ft = f. In such a dagger category a 
map / with p o f = id is called a dagger mono (or isometry); if / o p = id one calls 
/ a dagger epi. A map that is both a dagger mono and a dagger epi is called a dagger 
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iso, or a unitary map. We write f-Iso(C) f-Mono(C) C for the subcategories 
with all objects from C, and unitary / dagger monic maps only. Finally, an endomap 
/ : X — > X is called positive if it can be written as / = 3^ o <?, for some 3. 

A dagger biproduct category is a dagger category with biproducts in which ("Kiy = 



Kt — and thus ( Ki y = TTi and </, 5 )t = [/t, fl t] and [/,.g]t = (/t >fl t) and (/ © ff )t = 



/t © 3T. ^ is easy to see that if /, 3 : X — > X are both positive, then so is the sum f + g 
from ©. Such a dagger biproduct category is called zerosumfree if/ + g = 0=>/ = 
3 = 0, for positive maps /, g. 

A dagger additive category is a dagger biproduct category with additive inverses in 
homsets. 

Lemma 2. With respect to Assumption^ 

( i). in a biproduct category, diagrams (E) and (K) are pullbacks, and diagram ( K+ ) too 

when the map g is zero monic ( that is g o h = =£■ h = 0); 
(ii). in an additive category, the two maps {X © X) © X =4 X © X, 

[id,K 2 ] = (TTl ° Tt)(T2 ° Ti) +71"2> [|)«2, «2] = (^2 ° ^1,(^1 ° 7Tl) + 7T 2 ) 

from Assumption\l\(ii) are jointly monic; 
(Hi), in a dagger biproduct category, diagrams (D) and(D+) are pullbacks if the map f 



Proof, (i). In order to check that the square (E) in Assumption [T](i) is a pullback, as- 
sume h = (h x ,h 2 ) : Z ->• B © X and k = (h, k 2 ) : Z -> A © Y satisfy (id © 3) o 
h= (f ® id) o fc. This means h\ = f o k\ and jo/i 2 = fc 2 . Hence ^ = (fci, ft 2 ) is the 
(unique) mediating map: 



For diagram (K+), assume we have ft = (hi, h 2 ) : Z —> X © A and fe: Z —> Y with 
(/ © g) o h = Ki o k. Then (/ o h%,g o h 2 ) = (k,0). Hence / o hi = k and 
g o h 2 = 0. Since g is assumed to be zero monic, we get h 2 = 0. Thus we have 
hi : Z —> X as unique mediating map. 

(ii) . Assume/^ ((fij 2 ),fa)- A -> (X © X) © X and 3 = ((gi,g 2 ),g 3 ) : A 
(X®X)®X satisfy [id, k 2 ] o / = [id, « 2 ] o g and [[k 2 , «a] / = [[ K 2, K 2 ] 
3. This means / 2 + / 3 ) = (gi,g 2 + 33) and (/ 2 , fi + f 3 ) = (g 2 ,gi + 33)- Hence: 

fi = 9i / 2 + h = 92 + 93 h = 92 fi + h =9i+ 33- 

Then: / 3 = (g x + g 3 ) - fi = {gi + g 3 ) - gi = 33- Hence / = g. 

(iii) . Easy. □ 

Our main examples of dagger additive categories are the categories FdHilb and 
Hilb of finite-dimensional and arbitrary Hilbert spaces. The morphisms in these cat- 
egories are the linear continuous (equivalently, bounded) maps. These categories also 



is unitary. 



(/©id)o£= (fokiM) 
= (hi, hi) = h 



(id© 3) ol = (ki,goh 2 ) 

= (h,k 2 ) = k. 
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have a (symmetric) monoidal structure (C, <S>), where <X> distributes over biproducts ©. 
The additive monoid of positive operators H — > H on a Hilbert space H is zerosumfree: 
A + B = 0=^ A = B = 00 

Another example is the category BifMRel of sets and bifinite multirelations (used 
for instance in |34|). Objects in BifMRel are sets, and morphisms X — > Y are complex- 
valued relations r : Ixf^C, with a "bifiniteness" requirement: for each x E X and 
y G Y one has finite sets: 

{veY\ r{x,v) ^ 0} and {u e X \ r(u,y) ^ 0}. 

The identity map X -t X in BifMRel is the identity relation id x ■ X x X ->• C, 
given by id^(a;, a;) = 1, and idx(x, x') = when x ^ a;'. The composition s a r in 
BifMRel, for r : X — >• V and s : F — > Z is the relational composition X x Z — s- C 
given by: 

(s o r)(x,z) = Eyer 7 *^^) ' s(y,z). 

It is not hard to see that BifMRel is a dagger category, with dagger functor (— y given 
as identity on objects and complex conjugation on morphisms. Thus r : X —> Y yields 
: Y — >• X given by r'(y,x) = r(x,y). 

The category BifMRel also has (dagger) biproducts, given by coproducts (0, +) on 
the underlying sets. Products (1, x ) on these sets yield a (dagger) symmetric monoidal 
structure on BifMRel, that distributes over the biproducts. 

The category BifMRel allows relatively easy descriptions of (discrete) quantum 
systems, see e.g. l34l for quantum walks in BifMRel. Also, a quantum Turing machine 
with state space S and set of symbols £ may be represented as dagger mono r:Sx 
£ — > (S x £) + (S x E) in BifMRel, where the biproduct + is used to describe the two 
possible successor options, namely tape head moving left or right (see also e.g. |58|). 
The requirement that r be a dagger mono ensures that for each (s, a) € S x S one has 
Ez l r (( s ' a )i z )\ 2 = 1' that is, the amplitudes associated with transitions to successors 
of (s, a) satisfy the usual requirement to obtain a quantum state. 

2.3 Monads and Kleisli categories 

In this subsection we briefly review three well-known monads on Sets, namely the 
distribution monad V, the multiset monad A4 and the powerset monad V. We shall 
review AssumptionQ] especially for T> and V. 

We assume the reader is familiar with the notion of monad (see |4 48 1). For a monad 
T = (T, rf, fi) on a category C we write K£(T) for the Kleisli category of T. Its objects 
are objects X £ C and its morphisms / : X — > Y are maps f:X—> T{X) in C. For 
such a map we write f*=fio T(f) : T(X) T(Y). Composition / o g in K2(T) is 
then given by f* o g in C; the identity X -> X in K2(T) is the unit rj : X -> T(X). 
There is a standard functor J : C — > K£(T), which is the identity on objects and maps 
/ : X -> Y to J(f) = T] o / : X -> T(Y). If C has coproducts (0, +), then so has 

2 The proof uses: if a (non-negative, real-valued) inner product (x \ Ax) is 0, for all x G H, 
implies A — 0, essentially because a bilinear form is determined by its diagonal values (see 
e.g. HZl §§1.3] or 129] Proposition 1.21]). 
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K£(T), with coprojections J{ni) and tupling of Kleisli maps /, g given by tupling [/, g] 
as in C. In all our examples C = Sets, so Kleisli categories of the monads we consider 
have coproducts. 

We turn to the multiset monad Ai on Sets. A multiset is like a subset except that 
elements may occur multiple times. Hence one needs a way of counting elements. Most 
generally this can be done in a semiring, but in the current setting we count in the 
complex numbers C. Thus the collection of (complex-valued, finite) multisets of a set 
X is defined in terms of formal linear combinations of elements of X, as in: 

M(X) = {z 1 x 1 H h z n x n | Zi £ C and Xi £ X}. (4) 

Such a formal sum J^i z i x % can a l so be described as a function m: X — > C with finite 
support, that is, where supp(m) = {x | m(x) 7^ 0} is finite. 

This mapping X H> A4(X) is functorial: for a function / : X — > Y one defines 
M(J):M(X)->M(Y) byM(f)(J2 t z t x % ) = There is a unit X^ 

A4(X) given by r)(x) — lx, and a multiplication [i: Ai 2 (X) —> Ai(X) described by: 

p.(J2i Zirrii) = J2i,ji z i ' Wij)xij where rm = J2j w ij x ij- 

It is not hard to see that Ai(X) is the free vector space (over C) on the set X. 

Remark 1. We shall not use the multiset monad A4 explicitly, but it is used implicitly in 
the category BifMRel of sets and bifinite multirelations. The bifiniteness requirement 
for a map r : X — > Y in BifMRel means that r factors both as X — > Ai (Y) and as 
Y — > Ai(X). Thus, by freeness, r gives rise to two linear maps Ai(X) — > Ai(Y) and 
Ai(Y) — > Ai(X) in opposite directions. In this category BifRel the objects/sets X can 
be seen as the computational basis, with associated free vector space Ai (X). 

We turn to the discrete probability distribution monad T>. It is a more restricted 
version of the multiset monad that sends a set to formal convex combinations of its 
elements: 

V(X) = {nxi + ■■■+ r n x n I n e [0, 1] and x t £ X and J2t r i = !}• ( 5 ) 

Elements of T>{X) are functions m : X — > [0, 1] with finite support and m ( x ) = !• 
The action of T> on functions is essentially the same as Ai; also Ai's unit and 
multiplication restrict to T>. In the Kleisli category Kl(D) of the distribution monad a 
map X — > Y is a function /: X — > T>{Y). It may also be described as a stochastic 
matrix Mf : X x Y — >• [0, 1], where Mf(x, y) = f(x)(y). For each x £ X the subset 
{y £ Y I Mf(x, y) 7^ 0} is finite, with Mf(x, y) = 1. Thus, such a matrix Mf 
corresponds to a stochastic matrix. 

Lemma 3. In the Kleisli category KX(T>) of the distribution monad, the diagrams (E) 
and (K+) — and thus (K) — from Assumption\J\(i) are pullbacks, and the two maps in 
Assumption\I](ii) are jointly monic. 
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Proof. We check that diagram (E) is a pullback and leave (K+) to the reader. We reason 
pointwise and assume ip E T>(B + X) and ip € T>(A + Y) satisfy (id + g)^(p) = 
(/ + id)# (ip). Thus we have equal functions B + Y — > [0, 1]. This means for each 
b e B and y E Y, 

¥>(«i6) = J2aeA^(^ a ) ■ f( a )( b ) J2 xe x </?( K 2z) ' SOX?/) = V>( K 2?/) 

Hence we define \ & T>(A + X) as x( K i a ) = V"( K i a ) an d x( K 2x) — p(k 2 x). This 
yields a probability distribution: 

= E«V'(«io)-(E 6 /WW) + E s <pM 

= E a ,6^( K l a ) • /( a )( b ) + J2x^( K 2x) 
= Eb^( K i6) + T.x'fi^x) 
= 1. 



Also, this x is the appropriate mediating distribution: 

(/ + id) # (x)(*i6) = Y.aeA X(K1<0 ■ /(a)(6) 

= E oG a ^(«i a) • /(a)(6) = 
(/ + id) # (x)(K 2 a;) = x(k 2 :e) = ^(^a;) 
(id + g) # (x)(Kia) = x(«i«) = V>( ft i°) 
(id + o) # (x)(K 2 y) = EsX^z) ■ g(x)(y) 

= Ex^i^x) ■ g(x)(y) = ip(n 2 y). 

Thus, (/ + id)^(x) = <p and (id + g)^(x) — 4>- Uniqueness is left to the reader. 

Finally, we check that the two maps [id, K 2 ], [[k 2 , ki], k 2 ] : (X + X) + X X + X 
are jointly monic in K£(T>). So assume tp, ip E T>((X + X) + X) satisfy: 

©([id, K2])(v) = ©([id, K 2 ])(ip) V([[K2, «i], k 2 ])(v) = 2?([[«a, «i], «a]) W- 
This means for each a; G X, 

(^(KlKlx) = 1p(KlKlx) ip(K,\K 2 X) + ip(K 2 x) — 1p(ni K 2 x) + 1p(K 2 x) 

<p(KlK 2 x) = 1p(KiK2x) ip(niKix) + ip(K 2 x) = 1p(n\ K\X) + 1p(n 2 X) 

From this it follows that ip(n 2 x) — ip(n 2 x), and thus ip — ip. □ 

Remark 2. The Kleisli category KJL (V) of the powerset monad V can be identified with 
the category of sets and relations between them. It does not satisfy Assumption [T](ii). 
We construct a counterexample to the "jointly monic" requirement. 
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For a singleton set 1 we have (1 + 1) + 1 = {1, 2, 3} and 1 + 1 = {1, 2}. Writing 
p = [id, K2} and q = [[k>2, «&] in Assumption [U(ii), we can describe p, q: 3 =4 2 
as: 



The two subset [/ = {1,2} and V = {1, 2, 3} of 3 are clearly different but they satisfy: 



V(p)(U) = {1,2} =V(p)(V) and V(q)(U) = {1,2} = V(q)(V). 

3 Predicates 



In this section we introduce the new representation of predicates and describe some 
examples. 

Definition 1. Let C be a category with coproducts +. For each object X € C we define 
a collection Pred(X) of predicates on X as: 



where V = [id, id] : X + X — > X is the codiagonal. 

In case C is a dagger biproduct category, a predicate p: X — > X © X is called 
positive if both the components 7Ti o p, 7T2 o p: X — > X are positive maps. We write 
pPred(X) for the collection of such positive predicates. 

There is a "truth" predicate 1 = k%: X — »• X + X and also a "false" predicate = 
K2 : X — > X+X. Of course, it is a matter of convention/choice which + component one 
uses for truth or false. For each predicate p : X — > X + X there is an orthocomplement 
p 1 - = [«a, K\] o p, obtained by swapping the + components. Clearly, p- 11 - = p and 
O- 1 = 1, and thus I 1 - = 0. 

Definition 2. Let our category C have besides coproduct + also a monoidal structure 
(/, ®). The (positive) predicates Pred(I) or pPred(I) on the tensor unit I will be called 
probabilities. We often write Pr(C) for this collection of probabilities in the category C. 

Later on, in Theorem|2] we shall see that probabilities carry a commutative monoid 
structure. 

Before considering further structure on these predicates we illustrate what they are 
in several different categories. As we shall see in a dagger category the positive predi- 
cates are the interesting ones. Hence we sometimes drop the adjective 'positive' in such 
a setting. 

Example 1. In the category Sets of sets and functions a predicate can be identified with 
a subset. Concretely, U C X corresponds to pjj : X — » X + X with V o pu = id via: 



p(l) = l,p(2)=p(3) = 2 



q(l) = (,(3) = 2, 9 (2) = 1. 



Pred{X) = {p: X ^ X + X \ V o p = id x }, 
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Thus, a predicate yields a partition of the set X into two disjoint subsets U, -U that 
cover X. In this case Pred(X) is the set V{X) of subsets of X, with truth 1 = (X C 
X), false = (0 C X) and orthocomplement via negation: (pu) ± = P~.u- The predi- 
cates on a singleton set 1 correspond to Booleans: Pred(l) = V(l) = {0, 1}. 

One other way to look at these predicates X — > X + X in Sets is to use the isomor- 
phisms: 

X + X = (1 x X) + (1 x X) = (1 + 1) x X = 2 x X. 

When we rephrase the condition V o p = id via this isomorphism we see that a 
predicate corresponds a pair of maps (</?, id) : X — > 2 x X, and thus to a "characteristic" 
function ip : X — > 2. This can be done in any distributive category. Predicates of this 
form X — > 2 have been studied in such categories for instance in lfl4l . Here we prefer 
to use the representation X — > X + X because it highlights the similarities between 
predicates in different categories. 

Example 2. Recall that the category of sets and relations can be identified with the 
Kleisli category K£(V) of the powerset monad V. A predicate on a set X in this category 
is a map p: X — > V(X + X) with 'P(V) o p = { — }. This means that p(x) C 
{k\(x), K2{x)} is a non-empty subset. Hence there are three options: 

p(x) = {k\x} or p(x) = {k2x} or p{x) = {k\x, k^x). 

With such a predicate one naturally associates two subsets U\, U2 C X given by: 

U\ = {x I ki.t € C/2 = {21 I € p(x)}. 

Conversely, with such a pair of subsets Ui, U2 one associates a predicate: 

{{kix} if x£Ux-U 2 

{k 2 x} ifxEU 2 -Ui 
{kiX, K2X} ifxeC/inC/2- 

In this subset Pred(X) ^T(X)x V(X) of predicates on X e K2{V) we have true 
1 = (X, 0) and false = (0, X). Orthocomplement involves swapping: (C/i, U2) 1 ' = 
(JJi,Ui). 

The Kleisli category Kl(V) of sets and relations is a dagger category (via relation 
reversal) and has biproducts +. Hence a predicate pu 1 : jj 2 : X — > V(X+X) corresponds 
to two maps pu 1 , Pu 2 '■ X —> 'P(X), namely: 

f . \ {x} if x G Ui 
I otherwise. 

These maps pu i are projections: they satisfy (put) — Pu t — PUi PUi - Hence they 
are positive. Thus, a predicate in JCi^) is automatically positive. 
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Example 3. In the Kleisli category K£(T>) of the distribution monad T> a predicate p 
on a set X corresponds to a fuzzy predicate cp: X — > [0,1]. For such a predicate (p a 
Kleisli map p v : X — > T>(X + X) with T>(y)(p(x)) = lx is given by convex sums of 
the form: 



In this set of fuzzy predicates we have a truth predicate X — > [0, 1] that is always 1, and 
a false predicate that is always 0. Orthocomplement is given by <p (x) = 1 — <p(x). 

The predicates on the singleton (final) set 1 can be identified with probabilities: 
Pred(l) = [0,1]. 

Example 4. In the category BifMRel of sets and bifinite multirelations a predicate 
p: X — > X + X corresponds to a bifinite map p: X x (X + X) — > C. The condi- 
tion V o p = id means, for x, x' el with x ^ x 1 , 

p{x, K\x) + p{x, k,2x) = 1 and p{x, k\x') + p{x, K2X r ) = 0. 

Thus, the 'K2-p art ' is determined by the '^i-part', via: 



Hence we may identify p with a matrix in C XxX , via (x, x') h-> p(x, K\x'), with only 
finitely many entries in each row and column. 

A positive predicate p has probabilities p(x, kix) £ [0, 1] as diagonal values. In 
comparison with the fuzzy predicates in [0, 1} X in the probabilistic world (see Exam- 
ple [3), the predicates in the quantum world given by BifMRel involve such a fuzzy 
predicate on the diagonal, but additionally involve other values in C on the non-diagonal 
entries. These other values may lead to the interferences that are typical of quantum 
computation — and are missing in a probabilistic setting. 

The positive predicates on the tensor unit 1 £ BifMRel are the probabilities [0, 1]. 

Example 5. In the category Vect of vector spaces (over C), the coproduct is at the same 
time a product, and thus a biproduct, written as ©. A map p: V — > V V with V o 
p = id thus consists of a pair of maps p = (pi,P2) with pi + P2 = id. Hence, the 
predicate p is determined by its first component p\, since p2 = id — p\. 

The category Hilb of Hilbert spaces and linear continuous (bounded) maps is a 
dagger biproduct category. The positive predicates (g, id — q) : H — s- H H are given 
by a positive map q: H — > H with id — q also positive. This means < q < id. Such 
a map q is called an effect 11201 . These effects are used as predicates for instance in the 
quantum weakest precondition calculus of 1161 . and in many other places. 

Now suppose H has finite dimension, say neN. For an effect q : H — s- H we can 
compute the eigenvalues Ai, . . . , A„, say with corresponding eigenvectors £ H. The 
eigenvalues are real, non-negative numbers since q is positive. The eigenvectors form 
an orthonormal basis of H . Then: 



p<p(x) = <p(x)KiX + (1 - lp(x))k 2 x. 




l — p(x,Kix) \f X — x' 
—p(x,Kix') otherwise. 



A, = Aj(ej|ei) = (A^e.; | e*) = (qei\ei) < (ide, | e 4 ) = 1. 
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Hence the eigenvalues A^ € [0, 1] are probabilities. We can put the eigenvectors as 
columns in a unitary matrix T so that q = TDT\ where D is a diagonal matrix with 
eigenvalues A^ on the diagonal. These eigenvalues form a fuzzy predicate A £ [0, 1]™, 
like in Example [3] Thus, a predicate q on a finite-dimensional Hilbert space is, up-to 
unitary change-of-base, a fuzzy predicate. 

Of special interest are predicates on the complex numbers C, considered as Hilbert 
space. This space C is the unit / for a tensor product g3 on Hilb. Linear (continuous) 
maps C — > C can be identified with elements z 6 C. Thus, predicates on / = C 
correspond to complex numbers: Pred(I) = C, since a predicate can be identified with 
a pair (z, 1 — z) where z€C; positive predicates can be described as the unit interval: 
pPred(I) = [0, 1]. Thus, the probabilities in Hilb are the ordinary probabilities. 

One sees that in all of these illustrations, except Example [2] involving relations, 
the "left part" of a predicate determines the "right part". We shall see that the kind of 
predicates considered here does indeed not work well for the category of relations. 

In the beginning of this section we have seen that Ki (true) and k 2 (false) always 
exist as predicates X — > X + X. In the next example we describe a similar predicate 
that is always there. It will play a role in the description of characteristic maps, see 
Section|9] 

Example 6. In a category with coproducts we have for each object X a map: 

Q X = (x + x — K1+K2 ? {x + x) + (x + x)y 

This Qx is a predicate since: 

V o Q x — V o [m + n 2 ) = [ki, k 2 ] = id. 

The predicate Q may be understood as "left", which is our choice for "truth": in the cat- 
egory Sets this Q corresponds to the "left" subset K\ : X >— > X + X. In the Kleisli cate- 
gory K2(T>) it corresponds to the "left" fuzzy predicate ip 6 [0, 1} X+X with ip{nix) 
I and i/j(k,2x) = 0, for each x 6 X. 

In a dagger biproduct category one has ^00 = ^01, = {^iY ^i, so that Q 
is automatically a positive predicate. If we consider Q in the category Hilb of Hilbert 
spaces on the object X = C of complex numbers we may describe it as matrix: 



c 2 = c ® c (c © c) © (c e c) = c 4 . 

We conclude this section by briefly showing how the categorical representation of 
"sharp" quantum predicates as dagger kernels fits in the current setting. 

Remark 3. In [30] dagger categories with dagger kernels are studied. Such a dagger 
kernel k is at the same time a kernel k = ker(/) of some map /, and a dagger mono 
(meaning: k^ o k = id). These dagger kernels with codomain X form an orthomodular 
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lattice of predicates on X. The orthocomplement k 1 - is defined as the kernel ker(fc^), 
see ll30l for details. 

If one assumes that the dagger kernel category at hand also has dagger biproducts 
©, then one can translate dagger kernels into positive predicates (as used here). This 
works as follows. Given a dagger kernel k: U >—> X, the composite k o k^ : X — > X is 
a positive map. In a similar way k 1 - o (k- 1 )^ : X — >• X is positive. Together they form 
a tuple: 

Pk = (x — — : — > x®x 



We claim that this pk is a (positive) predicate on X, so we need to show V o pf. = id. 

Let us write U 1 - for the domain of the orthocomplement k- 1 . We claim that the 
following cotuple is an isomorphism: 

i [k,k x ] 
U®U ± - X 

The first thing to note is that this map is a dagger mono: the equation [k, k y o 
[k, k- 1 ] — id follows from an easy computation. 

We shall use the basic result that the kernel of a tuple (/, g) is the intersection of 
kernels: ker(/) A ker(<7). Then: 

= k 1 - A k = fc- 1 A k ±A - = ker(ifet) A ker((fc- L )t) 

= ker((fct,(fc- L )t)) = ker([/c,fc- L ]t) = [k,^}^. 

We thus get [k, k 1 -] = 1, as subobject. We already saw that [k, k- 1 } is a dagger mono. 
Hence it is an isomorphism, with [k, k y also as left inverse: 

id = [k, k 1 -] o [k, fc-Ljt = [k, k 1 -] o (fct, (fc-L)t) 

= V o (k o k\ k 1 - o (fc- 1 ) 1 ) = V o p k . 



4 Effect algebra structure on predicates 

We start this section by introducing a partially defined sum © on predicates. This gener- 
alises the approach from [35 1, which is described only for maps of the form X — > 1 + 1. 
We show that such sums © turn the collection of (positive) predicates on an object into 
what will be described as an "effect algebra" in the next section. Such effect algebras 
are partially ordered. 

Definition 3. Let C be a category in which Assumption Ul(ii) holds: the two maps 
[id, K2], [[«2, K2] : (X + X) + X =4 X + X are jointly monic. We call two pred- 
icates p, q : X — > X + X in C orthogonal, and write p _L q in that case, if there is a 
"bound" map b: X — > (X + X) + X such that the following triangles commute. 

X 

q 

X) + X X + X 

[[k 2 ,ki],k 2 ] 
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Notice that there is at most one such bound, by Assumption\l\(ii). 

Given a bound b for p, q we write p & q — (\7 + id) o b: X — > X + X for their 
sum. Thus, © is a partial, binary operation. 

If p, q are positive predicates, we define p _L q and p © q as before, with the restric- 
tion that the bound b should be a 3-tuple of positive maps. 

It is easy to see that p © q is again a predicate, since: 

V o (p © q) = V o (V + id) o b = V o [m o V, n 2 ] ° b 

= [V,id] o b 

= V o [id, K2] b — Vop = id. 

Example 7. We briefly investigate the predicates from Section [3] 

(i). For two predicates U, V £ Pred(X) = V(X) in Sets the sum exists iff U, V are 
disjoint. In that case one takes as bound for the corresponding predicates pu,Pv'- X —> 
X + X the map b : X -> (X + X) + X given by: 

if x £ U 
ifx£V 

if x $ U and x £ V. 
This is well-defined since U n V = 0. Then: 

([id,K 2 ] o 6)(x) = J KlX . J? 3f ^ rr > =Pi/(x) 
I 11 x U J 

([[k2,«i],K2] o = < lX , ^ ^ >= pv(a;)- 




The resulting join pu © is pc/uv since: 
((V + id) ofe)(x) = 



Kia; if x £ E7 or x £ V, i.e. x £ U U V 
k 2 x if x £ U and a; ^ V", /.e. x $UUV. 



(ii) . For the predicates Pred(X) C x on an object (set) X in the Kleisli 
category K£(V) of sets and relations the description of © above does not lead to a 
unique sum, since the "jointly monic" requirement does not hold in K2(V), as shown in 
Remark|2] Hence our predicate logic does not work for non-deterministic computation. 

(iii) . Next we consider two fuzzy predicates <p,ip: X —> [0, 1], with associated 
predicates p v ,p^, : X — » T>(X+X) in the Kleisli category Kl(D) of sets and stochastic 
relations, as in Example [3] We claim that a bound exists iff (p(x) + i/j(x) < 1, for all 
x £ X. In that case one defines b: X -t V{{X + X) + X) as: 

b{x) = lp(x)kiK\x + ip(x)nin 2 x + (1 — <p{x) — ip(x))K 2 x. 
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The resulting sum p v © p$ corresponds to the pointwise sum (p + ip, since: 

(p v © Pv) ( x ) = ((V + id) o b) (x) 

= ((f(x) + 1p(x))KlX + (1 - (p(x) — ^(x))k 2 X. 

(iv). Let C be dagger biproduct category. We have already seen that in such a cate- 
gory a predicate p — (pi , p 2 ) : X — > X © X consists of a pair of maps pi , p2 : X =4 -X" 
with pi + p2 = id, where + is the sum from (f3]l. 

If 6 = {{bxM)M)- X ^ (XffiX)ffiXis abound forp= (pi, pa): X -> XffiX 
and q = (51, 52) : -X — > X ffi X, then &i = pi, b 2 — qi and so: 

p® q — (pi + 51, 63) where pi + q 1 + b 3 = id. 

Hence this sum is a pair of positive maps. 

In the category BifMRel this © involves the element-wise sum of positive predicates 
(as matrices), which is defined if the sum of the diagonal entries exists in [0, 1], see 
Example 2] 

In the category Hilb the first part p\ of a positive predicate p = (pi , p 2 ) is an effect. 
The previous observations show that the sum © on effects is the ordinary (pointwise) 
sum, if it is below the identity map: 

{p\,P2) © (31,52) = ipx + quid-px-qi) assuming pi + qi < id 
= (Pi + qi,P2 + <72 - id). 

We list some general results about the partial sum © on predicates. In the next 
section we see how these results fit in the general theory of effect algebras. 

Lemma 4. Let C be a category in which the "jointly monic " requirement from Assump- 
tion\l\(ii) holds. The resulting partially defined operation © on predicates: 

( i) . is commutative: if p _L q, then q _L p and p © q = q © p; 

( ii) . has = k 2 has neutral element: _L p holds and © p = p; 

(Hi), is associative if diagram (E) in Assumption\l\(i) is a pullback; this means that if 
p _L q and p © q _L r, then 9 1 r and p _L q © r, and moreover, (p © q) © r = 
p® (q® r); 

(iv) . satisfies p ® p- 1 = 1; 

(v) . if diagram (K) is a pullback, thenp^- is the sole predicate q with p © q = 1; 

(vi) . if diagram (K+) is a pullback, then 1 _L p implies p = 0. 

Proof, (i). The operation © is commutative, since if b is a bound for p, q, then b' = 
([k 2 , ki] + id) o b is a bound for q,p: 

[id, k 2 ] 06' = [id, k 2 ] o Qk 2 , Ki] + id) ob = [[n 2 , n 2 ] o b = q 
[[k 2 , ki], K2] ob 1 = [[K2, Ki], K2] ° ([K2, ki] + id) o b 

= [[«2> Ki] o [k 2 , Ki], K 2 ] b = [id, « 2 ] b = p. 
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This b and b' yield the same sum: 

q © p = (V + id) o b' = (V + id) o Qk 2 , m] + id) o 6 

= ((V o [k 2) Ki]) + id) o b = (V + id) o b = p © q. 

(ii) . The zero predicate = k 2 : X — > X + X is neutral element for ©: the equation 
© p = p holds via the bound b = (k 2 + id) op: X -> (X + X) + X. 

(iii) . For associativity assume predicates p,q,r: X — > X + X where p -L g, say via 
bound a, and (p © q) _L r, via bound b. Thus we have equations: 

[id, k 2 ] o a = p [id, /c 2 ] ° b = p © g 

[«2, «a] ° a = q < [[«a, k 2 ] o 6 = r 

(V + id) o a = p © g (V + id) o b = (p © g) © r. 

We consider the following pullback, which is an instance of (E) in AssumptionQ] 

X 
b\ 

(X + X)+X (X + X) + (X + X) — 





(E) 



X 



X)+X 

V+id 

X 



id+V 

where q= [kiok 1i k 2 + id] is the obvious associativity isomorphism. 

We now take d — [[k 2 , k% o k%], K 2 +id] oc:I + (X+X)+X . This d is abound 
for q and r, giving q _L r. Next, the map c" = [ki, k 2 + id] o c: X — >• (X + X) + X 
is a bound for p and q © r = (V + id) o c'. Finally we obtain the associativity of ©: 

p © (q © r) = (V + id) o c" = (V + id) o [m, K 2 + id] o c 

= [[«l,Kl], [«i,k 2 ]] o c 
= [[«!, Ki], k 2 ] o [k x ok 1 oV,k 2 + id] o c 
= [[fti, k 2 ] o a o (V + id) o c 
= (V + id) o b = (p © g) © r. 

(iv) . It is not hard to see that b = Kx o p: X ^> (X + X) + X is a bound for p and 
p 1 =po [« 2 , «i], yielding p © p- 1 = 1. 

(v) . Next we show that p 1 - is the only predicate with p © p 1 - = 1. So assume also 
for q: X —> X + X we have p © q = 1, say via bound 6. Then [id, k 2 ] o 6 = p, 
[[k 2 , ki], k 2 ] o 6 = q and (V + id) o b = 1 = n\. We use a version of pullback (K) 
from Assumption[T]in: 
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The fact that the bound b is of the form k% o c is enough to obtain q = p : 



P 1 - = [kz, ki] op = [k 2 , ki] o [id, k 2 ] ° b = [[k 2 , ki], ki] ° «x ° c 

= [[k 2 ,ki],k 2 ] o ki o c 
= [[k2,kx],k 2 ] ob = q. 

(vi). Finally, suppose 1 _L p; we must prove p = 0. We may assume a bound b with 
[id, k 2 ] o b = 1 = K\ and [[k 2 , ki], k 2 ] o b = p. Now we use the diagram (K+) to 
obtain a mediating map X —> X, that must be the identity, in: 




As a result, b = a o m — n\ o n\. Then: 

p = [[k2, fti], «a] ° & = [[k2, fta] ° «i ° ki = k 2 = 0. □ 

5 Intermezzo on effect algebras 

In the previous section we have seen that on predicates X ^ X+X a. partial sum © can 
be defined — assuming the coproduct + satisfies some basic properties. This structure 
will be described more abstractly in terms of effect algebras. This section provides a 
crash course for the relevant theory. 

In order to define an effect algebra, we need the notion of partial commutative 
monoid (PCM). Before reading the definition of PCM, think of the unit interval [0, 1] 
with addition +. This + is obviously only a partial operation, which is commutative 
and associative in a suitable sense. This will be formalised next. 

Definition 4. A partial commutative monoid (PCM) consists of a set M with a zero 
element € M and a partial binary operation © : M x M — > M satisfying the three 
requirements below. They involve the notation x _L y for: x © y is defined; in that case 
x, y are called orthogonal. 

(i) . Commutativity: x _L y implies y _L x and x © y = y © x; 

(ii) . Associativity: y _L z and x _L (y © z) implies x _L y and [x © y) _L z and also 

x © (y © z) = (x © y) © z; 
( Hi). Zero: _L x and © X — x; 

The first three points of Lemma|4]say that predicates p : X —> X + X form a PCM, 
if the jointly monic requirement from Assumption [T]holds. But also, for instance, for 
each set X the lift {0} + X of X, obtained by adjoining a new element 0, is an example 
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of a PCM, with u©0 = u = 0©u, and © undefined otherwise. Such structures are 
also studied under the name 'partially additive monoid' in program semantics, see 0. 

The notion of effect algebra extends a PCM with an orthocomplement (— ) . It is 
due to [21 1; the same notion has been introduced in iTPTl and in [23 1. The reference [20 1 
gives an overview. 

Definition 5. An effect algebra is a PCM (E, 0, ©) with an orthocomplement. The lat- 
ter is a unary operation {— )- L : E — > E satisfying: 

— x 1 - G E is the unique element in E with x © x = 1, where 1 = , 

- 1 1 1 =^ i = 0. 

For such an effect algebra one defines, 



We shall shortly see, in point (Hi) ofLemma\5\ that there is at most one element z with 

x® z = y. 

A homomorphism E — > D of effect algebras is given by a function f : E — > D 
between the underlying sets satisfying /(l) = 1, and if x _L x' in E then both f(x) _L 
/(x') in D and f(x © a;') = f(x) © f(x'). Effect algebras and their homomorphisms 
form a category, written as EA. 

When writing x © y we shall implicitly assume that x © y is defined, i.e. x _L y. 
Similarly for © and 0. The notation © might suggest that this operation is idempotent, 
but this is not the case (and not intended): for instance, in [0, 1] one as x © x =t x if 
< x < \. 

Example 8. We briefly discuss several (classes of) examples of effect algebras. 

(i) . A singleton set forms an example of a degenerate effect algebra, with = 1; it 
is final in the category EA. A two element set 2 = {0, 1} is initial in EA. 

(ii) . A more interesting example is the unit interval [0, 1] C R of real numbers, with 
r 1 - = 1 — r and r © s is defined as r + s in case this sum is in [0, 1]. In fact, for each 
non-negative number M G K the interval [0, M] = {r 6 1 | < r < M} is an 
example of an effect algebra, with r 1 - = M — r. 

Also the interval [0, M] n Q of rational numbers, for non-negative M G Q, is an 
effect algebra. And so is the interval [0, M) n N of natural numbers, for M G N. 

The general situation involves so-called "interval effect algebras", see e.g. Il22l 
or ll20l 1.4]. An Abelian group (G, 0, — , +) is called ordered if it carries a partial order 
< such that a < b implies a + c < b + c, for all a,b,c G G. A positive point is an 
element p G G with p > 0. For such a point the interval [0,p] = {aeG|0<a<p} 
forms an effect algebra with p as top, orthocomplement a = p — a, and sum a + b, 
which is considered to be defined in case a + b < p. 

(iii) . A separate class of examples has a join as sum ©. Let (L, V, 0, (— ) ) be an 
ortholattice: V,0 are finite joins and complementation (— ) satisfies x < y => y < 
x^, x- 11 - = x and x V x 1 - =1 = 0. This L is called an orthomodular lattice if x < y 




and 
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implies y = x V (a; A y). Such an orthomodular lattice forms an effect algebra in 
which x © y is defined if and only if x _L y (i.e. x < y- 1 , or equivalently, y < x^~); 
and in that case x © y = x V y. This restriction of V is needed for the validity of 
requirements (1) and (2) in Definition [5] 

- suppose x © y = 1, where x _L y, i.e. x < y . Then, by the orthomodularity 
property, we get uniqueness of orthocomplements: 

y 1 - = x V {x 1 - A y^) = x V (x V y) 1 - = x V l- 1 = x V = x. 



-ill means x < 1 = 0, so that x = 0. 



In particular, the lattice KSub(H) of closed linear subspaces of a Hilbert space H is 
an orthomodular lattice and thus an effect algebra. This applies more generally to the 
kernel subobjects of an object in a dagger kernel category [30|. 

(iv) . Since Boolean algebras are (distributive) orthomodular lattices, they are also 
effect algebras. They satisfy x _L y iff x A y — 0, see the proof of Lemma|8]below. 

(v) . For an arbitrary set A write MO(A) = (1 + A) + (1 + A) = (A + A) U {0, 1}, 
which can be understood as a poset with top and bottom and two copies of A in between 
so that one can define an orthocomplement (— ) on MO(A), by swapping. On this 
MO(A) one can actually define © in a minimal way, namely as: 



z if w — 
w if z = 
w = { ifz = lorw = l 

1 if z, w are equal elements in different A-components 
undefined, otherwise. 



There is an obvious insertion function A —> MO(A), that makes MO(A) £ EA the free 
effect algebra on the set A. 



We summarise some properties of effect algebras. 



Lemma 5. In an effect algebra one has: 

( i) . Orthocomplementing is an involution: x = x; 

(ii) . Top and bottom are each others orthocomplements: 1^ = and 0^ = 1; 
( Hi). Cancellation holds: x © y ~ x © z implies y = z; 

(iv) . Positivity (or zerosumfreeness) holds: x © y — implies x = y = 0; 

(v) . < is a partial order with 1 as top and as bottom element; 

( vi) . x < y implies x © z < y © z; 

(vii) . x < y implies y < x ; 

(viii) . x <Q>y is defined iff x _L y iffy < x 1 - iff x < y- 1 ; 

(ix). © with 1 also forms a partial commutative monoid structure. 
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Proof. For point (i) we use x © x 1 - = 1 = x ±J ~ © x , so that x = x since the 
orthocomplement of x 1 - is unique. Uniqueness also yields 1=0 from 1 © l- 1 = 1 = 
1 © 0. Hence 0- 1 = l^ 1 - = 1. 

For cancellation, assume x © y — x © z. The orthocomplement u = (x © y) = 
(x © z) 1 - satisfies x©y©u=l = x©z©w, so that y = (x © it)- 1 = z by uniqueness 
of orthocomplements. If x © y = in (iv), then y 1 - = © y 1 - — x & y & y- 1 = x © 1. 
Hence 1 1 1 and thus x = 0. Similarly y = 0. 

For (v) we obtain reflexivity x < x from x © = x. Transitivity is easy: if x < y 
and y < z, say via y = x © u and z ~ y © v, then z = y& v = x& u&v, so 
that x < z. Finally, if x < y and y < x, say via y = x & u and x = y & v, then 
x©0 = x = x©it©i'. By cancelling x we get = u © u, so that u = v = by 
positivity, and thus x = y. We get < x since © x — x, and x < 1 since x © x 1 - = 1. 

For (vi) and (vii) assume x < y, say via y — x&u. Then x©z©w = x©u©z = 
y © z, so that x © z < ?/ © z. Also, l=y©y ± =x©u© j/ , so that x- 1 = u © y- 1 , 
showing that y 1 - < x 1 - . 

For (viii) first assume x _L y. Then x&y<Q>(x&y) J - = 1, so that x 1 - = y&(x&y) ± , 
and thus y < x- 1 . Conversely, if x 1 - — y © u, then x © y © it = 1, so that x © y exists. 

In (ix) it is easy to see that © is commutative and associative, as partial operation. 
It has 1 as unit, since x © 1 = (x 1 - © l- 1 )- 1 = (x 1 - © 0) 1 - = ar 11 - = x. □ 

The minus (or difference) operation © introduced in Definition [5] satisfies many 
expected properties. We only list them here and leave the proof to the interested reader. 

Lemma 6. In an effect algebra: 

( i) . x © y is defined if and only if 'y < x; 

(ii) . x © = x and 1 © x = x^; 
(Hi), x © y = (x 1 - © y) 1 - = x © y^; 

(iv) . x © y < z iff x < z © y; 

(v) . z Q x = z Q y implies x = y; 

( vi) . (x © y) © y = x; 

(vii) . x < y implies y x < y and y (y x) = x; 

(vhVJ. x < y < z implies z © y < z © x ant/ (z © x) © (z © y) — y Q x; 

(ix). x Q y < z iff x < z © y. □ 

From points (iv) and (ix) we may conclude that — © y, considered as functor fy — > 
| y- 1 between posets, has — © y : J, y — >• ty both as left and right adjoint: — © y H 
— y H — © y. Hence — © y and — © y preserve all meets and joins that exist in fy 
and | y- 1 -, respectively. 

Notice that in the context of orthomodular lattices, for y < x one has x © y ~ x A 
y- 1 . Since x Q y < y 1 - one has x y _L y, so that (x y) © y = (x A y ) V y = x, 
the latter by orthomodularity. 

We can now draw appropriate conclusions about the structure on predicates as in- 
vestigated in the previous section. 

Proposition 1. Let C be a category with coproducts + and let X € C be an arbitrary 
object. 
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( i) . If these coproducts satisfy requirements ( i) and ( ii) from Assumption [7] then the 

predicates Pred(X) on X € C form an effect algebra. 

( ii) . IfC is a dagger additive category which is zerosumfree, then the positive predicates 

pPred(X) on X also form an effect algebra. 

Proof. The first point follows directly from Lemma|4] For the second point we have to 
check carefully that Lemma [2] applies in the situation where we use the pullback (K+) 
in the proof of Lemma[4] the relevant map g in Assumption[T](i) must be zero monic. In 
the final diagram in the proof of Lemma|4]this map g is the codiagonal V : XQ>X — > X. 
The zerosumfreeness requirement implies that V is zero monic: 

V o (b 2 , 6 3 ) = b 2 + b 3 = =*► b 2 = 63 = =*► {b 2 , b 3 ) = 0, 
where we use that the maps bi from bound b are positive (by definition). □ 

The first point applies directly to each extensive category, by Lemma [T] and to the 
Kleisli category K£(D), by Lemma[3] The second point applies for instance to the cat- 
egory Hilb of Hilbert spaces. In all of these cases the induced ordering on predicates is 
the expected one. For instances, it is the pointwise order on fuzzy predicates in [0, l] x . 
On the effects £f(H) of a Hilbert space H we get the so-called Lowner partial order: 
A < B iff there is a positive operator C ' : H — >• H with A + C = B. 



5.1 Effect algebra homomorphisms 

Homomorphisms of effect algebras (see Definition |5j are like finitely additive proba- 
bility measures. Homomorphisms E — > [0, 1] to the unit interval are sometimes called 
states. They form a convex subset, see Subsection l5.3l below. Effect algebra maps pre- 
serve all the relevant structure. 

Lemma 7. Let f : E — > D be a homomorphism of effect algebras. Then: 

Kx^^fix) 1 - and thus /(0) = 0, 
and thus also, when the left-hand-sides inside /(— ) are defined: 

f(x@x') = f(x)@f(x') and f(x Q x') = f(x) f(x'), 

and: 

x<x'=^ f(x) < f(x'). 

Proof. From 1 = /(l) = f{x © x^) = f[x) © fix- 1 ) we obtain f{x^) = f(x) 1 - by 
uniqueness of orthocomplements. In particular, /(0) = /(l -1 ) = /(l) -1 = l" 1 = 0. □ 

Example 9. Orthocomplement (— ) is a homomorphism E — > E op in EA, namely 
from (E, 0, ©, to (E, 1, ©, 

Using the free construction MO from Example H](v), an element (or point) x e E 
of an effect algebra E can be identified with a homomorphism MO(l) = 2 x 2 — > E 
in EA, as in: 

MO(1) = (<„>") — '— E 
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On the homset EA(E, D) of maps E — > D in EA one may define (— ) and © point- 
wise, asin /- L (x) = f(x) . But this does not yield a homomorphism E — > D, since for 
instance / (1) = /(l) 1 " = l x = 0. Hence these homsets do not form effect algebras. 

The Kochen-Specker Theorem Il42l can be formulated in terms of homomorphisms 
of effect algebras, like in |fT71 §§5.1], namely as: there is no effect algebra morphism 
KSub(H) — > 2 = {0, 1}, from the closed linear subspaces of a Hilbert space H, with 
dim(iJ) > 3, to the two-element (Boolean / initial) effect algebra. 

Recall that homomorphisms of effect algebras preserve only sums of orthogonal 
elements. For Boolean algebras it turns out that this implies preservation of all sums (or 
joins). 

Lemma 8. Let B, C be Boolean algebras (and thus effect algebras). Then: f : B — > C 
is a homomorphism of effect algebras if and only if it is a homomorphism of Boolean 
algebras. As a result, the inclusion functor BA — > EA from Boolean algebras to effect 
algebras is full and faithful. 

Proof. The first observation is that in a Boolean algebra x _L y iff x A y = 0, since: 

- if x _L y, i.e. x < ^y, one gets xAy<^yAy = 0. 

- if x A y = 0, then by distributivity: x = x A 1 = x A -*(x A y) = x A (-<x V 
^y) = (x A -ix) V (x A = V (x A ~^y) — x A -*y. Hence x < ->y. 

Next notice that the join of two elements x, y can be written disjointly as: 

iVi/ = (x A V (x A y) V (y A ->x). (6) 

If / : B — s- C is a morphism of effect algebras, it preserves disjoint joins, and by 
monotonicity it satisfies f(x) V f(y) < f(x V y) and f(x A y) < f(x) A f(y). 
Therefore, by ©, 

f(x V y) = f((x A -.y) V {x A y) V (y A -.»)) 
= f(x A -.y) V f{x A y) V f(y A -nx) 
< (fix) A ^f(y)) V (f(x) A /(»)) V (f(y) A ^f(x)) 
= f(x) V f(y). 

Hence / preserves joins — and also meets, since x A y — -^(^x V ->y) — and is thus 
morphism of Boolean algebras. □ 

We consider some obvious constructions on effect algebras. 

Lemma 9. Let E, D be effect algebras. 

(i) . The opposite E" p = (E, 1,©, (— )~ L ), with order x < op y iff y < x is an effect 

algebra; this yields an involutive functor (—) op : EA op — ¥ EA. 

( ii) . The product E x D with component-wise operations and obvious projections is a 

cartesian product in EA. 
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(Hi). The coproduct in EA is given by E + D = ((E - {0, 1}) + (D — {0, 1})) + 
{0, 1}, where + on the right-hand-side of the equality sign is the disjoint union (or 
coproduct) of sets, with obvious coprojections E — > E + D <— D. 

( iv). The downset J, x — {y G E \ y < x} is an effect algebra, for x 6 E. 

The coproduct effect algebra E + D is obtained by taking the disjoint union of 
E, D but with their top and bottom elements 1, identified. This is sometimes called 
an amalgamated sum. 

Proof. It is obvious that the opposite and product are effect algebras. For the coproduct 
we define for z,w € E + D, 

, w if z — 

z if w = 

x © u if z — x G E, w — u G E 
y © v if z = y(^D,w = v(^D 
undefined, otherwise. 

A downset lx is again an effect algebra with x as top, complement y ±:c — x Q y and 
sum y © z defined iff y © z < x. Then y © y^ = y © (x G y) = x. □ 



1 if z = 

if z = 1 

.x- 1 if z = x G £7 

k y 1 - if z = y G D. 



z & w = < 



5.2 Effect monoids 

Abstractly, an effect monoid is a monoid in the category of effect algebras, just like a 
semiring is a monoid in the category of commutative monoids. An effect monoid is thus 
an effect algebra with a multiplication operation. In a Boolean algebra this is the meet 
A, but for fuzzy predicates in [0, 1} X it is pointwise multiplication. 

In ||36l it is shown that the category EA of effect algebras is symmetric monoidal, 
where morphisms E © D — > C in EA correspond to 'bimorphisms' / : E x D — > C, 
satisfying /(l, 1) = 1, and for all x, x' G E and y, y' G D, 

X-Lx' =>• f(x,y) _L f(x',y) and f(x@x',y) = f(x,y)&f(x',y) 
y ±y' => f(x,y) ± f(x,y') and f{x,y&y') = f(x,y)®f(x,y'). 

The tensor unit is the two-element (initial) effect algebra 2 = {0, 1}. 

Example 10. For an arbitrary set X the powerset V{X) is a Boolean algebra, and so 
an orthomodular lattice, and thus an effect algebra. The tensor product [0, 1] © V{X) 
of effect algebras is given by the set of step functions / : X — > [0,1]; such functions 
have only finitely many output values. When A" is a finite set, say with n elements, then 
[0,1]®P{X) S [0,l] n , see EH. 

As special case we have [0, 1] © {0, 1} = [0, 1], since {0, 1} is the tensor unit. Writ- 
ing MO(ra) for the free effect algebra with 2n + 2 elements, like in Example H](v), we 
may write this as [0,1]©MO(0) [0,1]. Next, [0, l]©MO(l) [0, 1] © V({0, 1}) = 
[0, l] 2 . It can be shown that [0, 1] © MO(2) is an octahedron. 



28 



Gleason's Theorem [24 1 gives an isomorphism: 

EA(KSub(H), [0, 1]) TM(H), 

between this homset of effect algebra maps, from the closed subsets of a Hilbert space 
H to the unit interval [0, 1], and the density matrices on H — assuming that H is 
of dimension at least 3. In [37| it is shown that Gleason's Theorem amounts to an 
isomorphism of effect algebras [0, 1] <8> KSub(H) = £f(H), relating projections and 
effects on a Hilbert space H. 

Using this symmetric monoidal structure (<E), 2) on EA we can consider, in a stan- 
dard way, the categories Mon(EA) and CMon(EA) of (commutative) monoids in the 
category EA of effect algebras. A monoid M € Mon(EA) consists of a set M carrying 
effect algebra structure (0, ©, (— ) ± ) and a monoid structure, written multiplicatively, as 
in: M (§5 M — > M <— 2. Since 2 is initial, the latter map M <— 2 does not add any struc- 
ture. The monoid structure on M is thus determined by a bimorphism • : M x M — > M 
that preserves © in each variable separately and satisfies 1 • x = x = x ■ 1. The main 
example of a (commutative) effect monoid is the unit interval [0, 1], with ordinary mul- 
tiplication. For ri + ?'2 < 1 we have the familiar distributivity in each variable: 

s ■ (n © ra) = s ■ (ri + r 2 ) = (s ■ n) + (s ■ r 2 ) = (s ■ n) © (s • r 2 ). 

More generally, each set of fuzzy predicates [0, l] x is a commutative effect monoid, via 
pointwise multiplication. But also, each Boolean algebra forms a commutative effect 
monoid, with meet A as multiplication. 

In Subsection [23] we have seen the distribution monad T>(X) consisting of formal 
sums J2i r i x i w i tn ri € [0,1] satisfying J2i r i = 1- ^ n [35 1 it is shown that such a 
distribution monad can also be defined wrt. a (commutative) effect monoid M instead 
of [0, 1]. This works as follows. 

T>m{X) = {miii + • • ■ + rrikXk | Xi € X, mi £ M with ©j rrii — 1 € M}. 

Implicitly in this formulation we assume that the finite sum exists. It can be 

shown that T>m is a monad on Sets, just like T) = £>ro,i] is a monad. 

Here we are interested in the category ConvM = £M (Dm) of Eilenberg-Moore al- 
gebras of this monad T>m- Its objects are "convex sets over M", that is, sets X in which 
for each formal convex sum J^. rriiXi an element ©j rriiXi £ X exists. Morphisms in 
£A4(T>m) are affine maps; they preserves such convex sums ©j m^. 

Example 11. For M = [0, 1] the category Conv[o,i] is the usual category of convex 
sets, see e.g. H56I57I331 . If we take the initial effect algebra as effect monoid M = 2 = 
{0, 1} = V(l) we see that T>2(X) = X, and that the associated category of convex sets 
Conv2 is simply the category Sets of ordinary sets. 

5.3 Effect modules 

For an effect monoid M G Mon(EA) we can consider the category Actjvf(EA) = 
EModA/ of Af -monoid actions (scalar multiplications), or effect modules over M (see 
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[48, VII,§4]). This resembles the category Mods of modules over a semiring S which 
may be described as the category Acts(CMon) of commutative monoids with 5-scalar 
multiplication. An effect module E 6 Act j\/ (EA) thus consists of an effect algebra E 
together with an action (or scalar multiplication) • : M ® E — > E, corresponding to a 
bimorphism M X E — > E. A homomorphism of effect modules E — > D consists of a 
map of effect algebras / : E —> D preserving scalar multiplication f(m • x) = m • 
f(x) for all m G M and x e E. 

Example 12. The main example of a (commutative) monoid in EA is the unit interval 
[0, 1] € EA via ordinary multiplication. The associated effect modules EModro,!] = 
Act[o. i] (EA) have been studied earlier under the name 'convex effect algebras' , see 1 53 1 . 
Convex sums exist since if r _L s in an effect monoid M, then the sum rx © sy exists 
for all elements x, y in an effect module over M. 

The effects £f(H) of a Hilbert space form an example of an effect module over 
[0, 1], with the usual scalar multiplication [0, 1] x £f(H) — > £f(H). 

We can also consider effect modules over the effect monoid 2 = {0, 1}. Since 
2 e EA is the tensor unit, the scalar multiplication becomes trivial. Hence we have an 
isomorphism EMod2 — EA. 

In 11381 a (dual) adjunction between convex sets over [0, 1] and effect modules over 
[0, 1] is described. This adjunction exists in fact for an arbitrary effect monoid M — 
instead of [0, 1] — by using M as dualising object. It gives translations back-and-forth 
between Heisenberg's and Schrodinger's view on quantum computation. 

Proposition 2. Let M be an effect monoid. By "homming into M " one obtains an 
adjunction: 

Conv(-M) 

(EMod M )° P ZL T H I Coiivm = £M(V M ) 

EMod(~,M) 

Proof. Given a convex set X E ConVjyf , the homset Con\(X, M) of affine maps is 
an effect module, with / _L g iff V x ex- fix) _L g(x) in M. In that case one defines 
if&g)(x) — f(x)&g(x). It is easy to see that this is again an affine function. Similarly, 
the pointwise scalar product (m • f)(x) = m ■ f(x) yields an affine function. This 
mapping X H> Con\(X, M) gives a contravariant functor since for h : X — > X' in 
ConvM pre-composition with h yields a map (— ) o h: Conv(X', M) — > Conv(X, M) 
of effect modules. 

In the other direction, for an effect module E e EModA/, the homset EMod(i?, M) 
of effect module maps yields a convex set: for a formal convex sum 2~2j m jfj, where 
fjiE—> M in EModAf and rrij € M, we can define an actual sum / : E — > M by 
f{y) = &j rrij ■ fj(y). This / forms a map of effect modules. Again, functoriality is 
obtained via pre-composition. 

The dual adjunction between EModA/ and ConvA/ involves a bijective correspon- 
dence that is obtained by swapping arguments. □ 

Finally, via suitable totalisations of the partial operation © (see [36]) one can show 
that the category EModmi] is equivalent to the category of (real) partially ordered 
vector spaces with a unit, see J38). 
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6 Substitution 



In logic, when we have a formula (predicate) p(y) involving a free variable y of type 
Y, and a term t : X — > Y, we can perform substitution, and obtain a formula 

t*(<p) = <p[t(x)/y] 

now involving a free variable x of type X. This substitution operation t* transforms 
predicates on Y into predicates on X. It is functorial, in the sense that: 

id*((f) = p and s*t*(<p) = (tos)*((p). 

In a dynamical setting as described below it makes sense to write these substitution 
functors as "boxes" in modal/dynamic logic (like in [30]): [t](<p) — t*((p) can be read 
as the predicate which holds for those states x such that ip holds for t(x). That is, [t] (ip) 
says "(p holds after t". Later in Subsection |9.1| we shall see how "tests" can be added. 

In the present context where we describe predicates as maps of the form q : Y — » 
Y + Y with V o q = id we can also define substitution. If we have a map / : X — >• Y 
we would like to obtain a predicate f*(q) = [f](q) via substitution. If we assume that 
in the category where we are working the diagram (D) in Assumption[T]is a pullback, 
we can obtain a predicate f*(q) on X in: 




Proposition 3. Let C be a category satisfying Assumption\l\ The mapping X t— > Pred(X) 
then extends to a functor : 



where, on an arrow / : X — > Y in C, one writes f* = Pred(f) : Pred(Y) — > Pred(Y). 

Such a functor is also called an "indexed category"; it forms a common structure in 
categorical logic. For instance, sending an object X in a category B with pullbacks to 
the poset Sub(X) of subobjects on X, gives rise to a similar functor B op — > PoSets. 

Proof. Using the uniqueness of the mediating map in pullbacks one easily checks that 
substitution is functorial: id* = id and (g o /)*=/* o g* , In a similar way one checks 
that /* preserves the effect algebra structure. For instance /*(1) = 1 since: 

+ = 1°/ = «xo/= (/ + /) o Kl = (/ + /)ol. 
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Now assume q _L q' in Pred(Y), say via bound b: Y — > (Y + Y) + Y. Then there 
is a bound c for f*(q) and /*(<?'), obtained via stacked pullbacks (D) and (D+) from 
Assumption!]] (iii) m: 



X- *-y 




The outer diagram commutes since V o (V + id) o i o / = V o (9 © 5') o / = id o 
/ = /. We obtain [id, K2] c — f *(q) and [[K2, ki], K2) c = f *(q') via uniqueness. 
Hence c is a bound for f*(q) and f*(q') in Pred(Y). One then uses diagram (D) as 
above to prove that /* (q) ©/*(</) = (V + id) o c and /* (p © q') are equal. □ 

Assuming this indexed category Pred: C op — » EA we shall write Pred(C) for the 
associated "Grothendieck" completion. This category Pred(C) has predicates p: X — » 

X + X as objects. A morphism (X 4 X + X) -A (Y 4 Y + Y) in Pred(C) is 
given by a map / : X — > Y in C between the underlying object that satisfies p < /* (g) 
— where < is the order in the effect algebra Pred(X) of predicates on X. There is then 
an obvious forgetful functor: 

Pred(C) 

\ (8) 
C 

that is a (split) fibration (see [32]). Sending an object X to falsum «2 : X —> X + X 
or to truth ki : X —> X + X yields both a left and right adjoint (respectively) to this 
forgetful functor. 

In the language of fibrations, the category Pred(C) is called the total category, and 
a poset Pred(A") is called^frre or fibre category over X. 

6.1 Extensive categories 

We have already seen in Lemma[T]that an extensive category C satisfies AssumptionQ] 
Thus, Proposition [3] applies, so that we have an indexed category C op — > EA, and 
a fibration (0, capturing the logic of the category C. This applies for instance for 
C = Sets, or any other topos. Substitution (0 corresponds in this case to inverse im- 
ages: /* (pu) = P/-i(t/)> using the predicate notation pu from Example[T] And when 
we identify predicates on Y with maps Y — > 2 = 1 + 1, then substitution is simply 
precomposition. 

Recall, that we describe our logic of predicates in terms of effect algebras, and not 
in terms of Heyting algebras, as is usually done for a topos. Below we show that this 
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(effect) logic involves "comprehension", that is, a mapping turning a predicate p on 
X into a sub-set/type {p} X of those element satisfying p. In categorical logic, 
comprehension is described via a right adjoint to the truth functor. 

Proposition 4. The effect algebra logic of an extensive category C has comprehension: 
the truth functor 1 : C — > Pred(C) has a right adjoint {—}, giving us two successive 
adjoints to the forgetful functor (fibration) in: 



Pred(C) 

Proof. For a predicate q : Y —> Y + Y we define {q} £ C via the pullback: 



9i 



Y 



i 

Y + Y 



(9) 



In this pullback we have m = qi, since q\ = V o Ki o q 1 = V o g o m = m. The 
adjunction 1 H {— } involves the following bijective correspondence between maps in 
Pred(C) and in C: 

IX = ( j«i j — ( \i j 



This works as follows. 



- Given a map / in Pred(C) as indicated, then / : X —> Y satisfies 1 < f*(q). This 
means that Kl = 1 = f*(q), and thus q o_f = (/ + /) o = (/ + /) o 
ki = ki o / in (0. We get a unique map f:X—> {q} via the pullback (0 with 

Qi ° 7 = /■ 

- Given 5 : X — > {q} in C, we define 5 = qi o g : X — > V . It is a map of predicates 
IX — > q, since: 

(5 + V) «l = «i o qi o g = q o m o g = q o g x o g = go j. 



Clearly, / = / and .g = g. 



□ 



6.2 Dagger biproduct categories 

Recall that for an object X in a dagger biproduct category C we write pPred(X) for the 
collection of positive predicates on X. If C is additive and zerosumfree (i.e. f + g = 
=> f = g = for positive /, g), this is an effect algebra, see Proposition [TJ We 
shall first discuss substitution /* along unitary maps /, because it can be done via the 
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pullback (0 like in the above extensive case. Once we have derived an explicit formula 
for this substitution, using the pullback property, we realise that this formula can be 
applied more generally for dagger monos. This is formulated as a second, more general 
proposition below. 

Proposition 5. For each zerosumfree dagger additive category C, on the base cate- 
gory f-Iso(C) with unitary maps as morphisms, there is an indexed category of positive 
predicates, 

]-lso{C)" p — — EA 

in which substitution along a unitary map f: X — > Y is given by the formula: 

f*(q) = {P®P)oqof. (10) 

Proof. If we restrict ourselves to the subcategory f-Iso(C) C of unitary maps, we 
know that diagrams (D) and (D+) are pullbacks by Lemma [2] and so we can define 
substitution via the pullback (O in the beginning of this section — and use (D+) to prove 
that substitution preserves ©, see the proof of Proposition[3] 

The equation /*(<?) = (f'®P) ° q ° /, for a unitary map /, follows by uniqueness 
of mediating maps for the pullback (0: 

V o (/t © /t) o q o / = /t o V o q o / = /t o / = id 
(/e/)o(/te/t)o 9 o/ = go/. □ 

The equation ( fTOb is important, since it incorporates the Born rule, see Example Qj] 
below. In the formula ( fTOb for substitution /* the map / occurs twice, once before the 
predicate and once afterwards. This double use of / leads to the squaring of amplitudes, 
in the computation of probabilities in a quantum setting. In Section [9] we have to take 
square roots in the quantum case to undo this squaring in substitution. 

Here we notice that the formulation (fTOt allows us to describe substitution /* not 
only for dagger isomorphisms (that is, unitary maps), but also for dagger monomor- 
phisms (or isometries). We recall that a dagger mono is a map / with /T o / = id. We 
write f-Mono(C) >• C for the subcategory with all objects and only dagger monos as 
morphisms. Then we can extend the previous proposition. 

Proposition 6. Each zerosumfree dagger additive category C yields an indexed cate- 
gory: 

j-Mono(C) op ^ EA 

in which substitution along a dagger mono / : X »— > Y is given by the formula ( 11 0| >. 

Proof. The equation V o f*(q) — id holds for f*(q) = (ft ® f') o q o f since / is a 
dagger mono. Obviously such substitution /* is functorial. Also, it preserves the effect 
algebra structure: 

r(i) H/ t ffl/ t )"i°/ = «i°/ t »/ = «i = i- 

If q,q': Y -> Y(BY have bound b: Y -> (Y©y)©Y,thenc = ((Z 1 ®/ 1 )©/ 1 ) obo f 
is a bound for f*(q) and f*(q') showing f*(q © q') = f*(q) © /*(#')• ^ 
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The Born rule that describes the probability of an outcome of a measurement on 
states is obtained in the current framework as a special instance of the substitution 
formula ( fTOb . 

Example 13. Assume an arbitrary qubit x = (a, /3) E C 2 = CffiC, where |a| 2 + |/3| 2 = 
1. We can also write it as x = a\0) + /3\ 1), where vectors 1 0) = (J) and 1 1 ) = (J) 
form the standard basis of C 2 . Yet another way is to write the qubit x as linear map in 
FdHilb: 

C C 2 with C 2 U C 

where x* o x — aa + (3(3 = \a\ 2 + \(3\ 2 = 1. Hence this qubit x is a dagger mono. As 
a result of Proposition|6]this qubit x yields a substitution operation: 

pPred{C 2 ) ^pPred(C) [0, 1] 

This substitution map x* gives the probability x* (p) E [0, 1] that a predicate p E 
pPred(C 2 ) holds for the state x. It is essentially the Bom rule. For instance, if we 
wish to obtain the probability that state a; is 1 0) we compute x* on the predicate pi \ 
associated with the qubit 1 0). Formally, this predicate is the map P\o)'- C 2 — > C 2 © C 
given by the tuple: 

p, 0> = (|o)(o|, id-|o)(o|) = < |o>< o I, |i)(i|) = ((58), (»?)). 

Recall from Example [5] that such a predicate can be identified with the first projection 
° P\o) = 1 0) ( | : C 2 — > C 2 , which is an effect. The resulting outcome in [0, 1] = 
pPred(C) of substitution x* is also obtained via such a first projection: 

7Ti o X*(jp\Q}) ^ 7Ti o (x^ © S^) o p| ) ox 
— X^ O 7Ti O pi O X 

= art|o)(0|a; 

= (=?)(S8)(?) = ™* = l«l 2 - 

The formula ([Tol l for .t* describes probabilities according to the Bom rule. Hence, our 
conclusion: the Born rule is a special case of substitution in (categorical) logic. 

More generally, if we have a positive predicate p = (pi, p%) : C 2 — > C 2 © C 2 , where 
the effect p\ : C 2 — > C 2 has spectral decomposition: 

Pi = \i\vi){vi\ + A 2 |w 2 )(w2 | 

with eigenvalues Aj E [0, 1] and corresponding eigenvectors Uj, then Vi is also an eigen- 
vector of p2 = id — pi, with eigenvalue 1 — A^, so that we can write: 

p 2 = (1 - Ai)|«i)(Ui | + (1 - A 2 )|U2)(«2 !• 
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Applying substitution x* to the effect p\ gives the (general) Born probability rule: 

x*(pi) = x^pix = \ix*i\vi){vi \x + A 2 X t |u2)( t>2 \ x 
= Ai (vi I x) (vi I x) + A 2 («a I a:) (v2 \ x) 

I 1 2 i 1 2 

= Al|(«l | £C)| + A 2 |(t> 2 I x)\ . 

Notice that the eigenvalues A; of the predicate/effect act as weights (multiplication fac- 
tors) in this probability formula — as discussed in the introduction. 

Also in this dagger biproduct case we can do comprehension, if there is a bit more 
structure around, namely dagger kernels (see Remark |3)- 

Proposition 7. Let C be a zerosumfree dagger additive category as in Proposition [3] 
which additionally has dagger kernels. The fibration pPred(C) — > f-Mono(C) of posi- 
tive predicates then has comprehension. 

Proof. The truth functor 1: f-Mono(C) — > pPred(C) sends an object X to the truth 
predicate K\ : X — > X X. In the other direction the comprehension functor {— } 
sends a predicate q = (qi,q2): Y — > Y Y to (the domain of) the kernel of the second 
component: 

def 

{q} = ker(g 2 ) = ker(id - q{) = eq(id,gi), 

where eq is written for the equaliser. We briefly check the adj unction 1 H { — } . We shall 
write the kernel map explicitly as ir q : {q} >— * X, which is a dagger mono. 

Assume a dagger mono / : X ^>Y with 1 < /* (q). This means f'°qi°f = id 
and p o q 2 o f = 0. Since f' is epic, we may conclude g 2 o / = 0. Hence there is a 
unique map f:X—> {q} with w q o / = /. 

Conversely, assume we have a dagger mono g : X >— > {q}. Write ~g = n q o g. Then: 

7Ti og*(q) = g^ o q x o g = gt o ( 7 r g ) t o qi o ir q o g 

— o (ir q Y o ir q o g since ir q equalises id, q± 
= id 

^2 °9*{q) = 5 f ° 12 ° 9 = 5 f ° (^<?) t ° 92 O TTq ° 9 

= o (ir q y o o g 
= 0. 

Hence ~g* (q) = (id, 0) = K\ = 1, Thus g is a map 1(-X~) — > g in pPred(C). □ 

Example 14. Propositions [6] also applies to the category BifMRel of sets and bifinite 
relations. Recall from Example |4] that the positive predicates on X in BifMRel are 

positive matrices M G C XxX with entries in [0, 1] on its diagonal. A dagger mono 
r : X >— > Y gives rise to a substitution functor r* : [0, l] yx Y — > [0, l] XxJ,s: given by: 



r*(N)(x,x') =J2y, y >r(x 7 y)-N(y,yi)-r(x>,y>). (11) 
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This equation follows from ( [Tol l: for a predicate q : Y — > Y + Y representing matrix 
N € [0, l] yxy as N(y, y') = q(y, K\y'), we get as resulting matrix in [0, l] XxX , 

r* (q)(x, Kix') = ((r^ + r 1 ) o q o r) (x, kix') 

= T, v eY,ueY+Y r ( x > V) ■ u ) ' 0" f + rt )( u , 

= E y ,y'eY r ( a; . 2/) • <?(y> K u/) • ( rt + rt k^') 

= E v , v .eYr(x,y)-N(y,yi)- qHyi,x> ) 

= J2 y ,y'eY r ( x ^y) ■ N (.y,y') ■ sO',2/')- 

Remark 4. As illustrated above, in dagger categories one can perform substitution /* 
for dagger monos /, and not for all maps. This may look like a restriction. But in Hilbert 
spaces dagger monos contain all the computationally relevant information: as a conse- 
quence of Stinespring's (dilation) theorem, each completely positive trace preserving 
operator (channel) F can be written as F(A) = /t o (A ® id) o / = f*(A <g> id), 
for some dagger mono / : H H ® K, where K is sometimes called the "ancilla" 
system, see ||29l . 



6.3 Sets and discrete probability distributions 

In Example[3]we have seen that in the Kleisli category K£{T>) of the (discrete probabil- 
ity) distribution monad T> predicates X — > X + X on X correspond to fuzzy predicates 
X —> [0, 1], that is, Pred(X) = [0, l] x . The question we would like to address is if this 
also gives rise to an indexed category Pred: K£(D)° V — > EA. 

The diagrams (D) and (D+) from Assumption[TJare not pullbacks in K£(D). Hence 
the approach followed above, via universality in (Q, does not work. But we can proceed 
in the spirit of this approach, like we did for dagger monos in the previous subsection. 

So assume a map / : X — > Y in K2(D), describing a stochastic matrix. We would 
like to have a map of effect algebras /* : [0, 1} Y -> [0, 1} X . There is an obvious way to 
do so via a (finite) sum: 

rw(x) = ^/(x)W-# (12) 

yeY 

(This sum is finite because by definition a probability distribution f(x) e V(Y) has 
finite support.) 

If we understand the fuzzy predicate tp e [0, 1} Y as a "weighted event" E C Y, 
given by the subset E = {y | i(>(y) 7^ 0} C Y, where for y s E the factor ip(y) £ (0, 1] 
describes a weight, then /* (tp) describes translation of the weighted event on Y to a 
weighted event on X, with weights as described above in ([T2| >. 

We get /*(1) = 1, since f(x) E T>(Y); also © is preserved by substitution. Notice 
that 'probabilistic' substitution /* in (fT2l) does not involve a double occurrence of the 
map /, like in the quantum case ( TTOb . 

The following result shows that in the probabilistic case one has the same categori- 
cal structure as before. 
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Proposition 8. There is an indexed category Pred: K2(V) op — > EA. The resulting fi- 
bration, 

Pred(KJ(V)) 
\ 

K£(V) 

has a truth functor 1 : K£{T>) — > Pred(K£(D)) and comprehension {— } : Pred(KI(V)) — > 
K£{T>) as its right adjoint. 

Proof. We indeed have a truth functor 1 : 0(X>) -> Pred{Kl{V)) since /*(1) = 1. Its 
right adjoint {— } is defined on ^ : Y — > [0, 1] as: 

M = {yer |^(y) = l}. 

We have an inclusion map 7ty: {ip} ^ y in Sets, yielding a map J(ir^,) = i] o 
tt^p : {?/>} -> y in O(D). 

We briefly check the adjunction 1 H { — }. Suppose we have a map / : 1(X) — > g in 
Pred(KX(V). This means 1 < £ f{x){y)-ip{y\ for each a; e X. Since /(ar)(y) = 
1, this can only be the case if ip{y) = 1 when f(x)(y) ^ 0. Thus supp(f(x)) C {V 1 }, 
so that we get a function f:X4 2?({g}) with T>(ir^,) o f = f. In K£(D) this means 
J(^)oJ = f. 

In the other direction, assume we have a map g: X — > {g} in K2(D). For each 
.t e X we have #(a;) G r>({V>})- We formally define a function g = T>(ir^) oj:I-> 
D(y). It yields: 

1 < 1 = E y em9(x)(y) = Hyew9{x){y)-^{y) 

= I2yeY9~( x )(y) ■ 4>(v) = 9*{^){x)- 

Hence g is a map 1(X) -> V in the category Pred(0(£>)). □ 

It is not hard to see that the standard embedding J : Sets — > K2(D) lifts to a fibred 
functor: 

Pred(Sets) Pred{JQ.{V)) 

1 , I 

Sets »- U{V) 

Along the same lines, one might expect a functor Q : f -Mojio(BifMRel) — > K£(D), 
namely: Q(X) = X on an object X, and Q(r) : X — > £>(y), for a dagger mono 
r : X — > y, given by: 

l 1 2 

Q(r)(a;)(y) = |r(x,y)| . 

This Q(r) yields a distribution, but we do nof get a functor since Q does not preserve 
composition. 
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At the end of this section we see that for classical, probabilistic, and quantum logic 
we have similar fibred categories: 



Pred(Sets) 



Pred(U(V)) 
\ 

roup) 




I 



(13) 



Sets 



starting from predicates of the form X — > X + X. These four fibrations are fibred 
effect algebras: each fibre is an effect algebra, and substitution functors preserve the 
effect algebra structure. The sum © in these fibres is defined in a uniform manner, via 
bounds as in Definition^ The substitution functors /* do not follow the same pattern 
in all four cases. However, the set-theoretic /* defined via (|7]) and quantum /* via ( TTOb 
for unitary / both arise via the same pullback. 

All the fibrations/logics (fT3l l have the adjunction "truth H comprehension" in com- 
mon. We conclude this section by showing that the special predicate fl from Example|6] 
gives in all these cases the same structure. 

Lemma 10. For all four fibrations in ( 1131 ) the fl predicate from Example ^yields a 
fibred functor X i-> fix from the base category to the total category. 

Proof. Recall, for each object X in the base category we have a predicate fix = K\ + 
k 2 : X + X -> (X + X) + (X + X).On&mapf: X -> Y one gets / + / : fl x -> Oy 
This is a cartesian map since for each of the four fibrations one has (/ + f)*(Qy) 



7 Effect monoids of predicates 

This section shows how predicates carry a (multiplicative) monoid structure ■ that cap- 
tures both intersection for subsets and (pointwise) multiplication for fuzzy predicates. 
This total multiplication operation may seem more natural than the partial sum ©, but it 
is not so well-behaved: it is not always preserved by substitution and its definition does 
not work for positive predicates. As we shall see, this multiplication only works well 
on the tensor unit — if any. Thus, it will be used especially for probabilities, i.e. for 
predicates on a tensor unit. 

Assume a category C with coproducts. The set of predicates Pred(X) on an object 
X carries a monoid structure which we shall write as multiplication. For two predicates 
p,q: X^X + Xdefine: 



That is, p ■ q = [p, k%] ° q. 

Lemma 11. Consider multiplication (1141) of predicates on X, as described above. 
( i). It yields a monoid structure on Pred(X) with the truth predicate 1 as unit element. 



□ 



p-q = 



X— -^X + X- — ^ (X + X) +X— -J-X + XJ. (14) 
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(ii). In case Pred(X) is an effect algebra, via sum © as in Definition^ then multiplica- 
tion is a bihomomorphism, making each Pred(X) an effect monoid. 
( Hi). Multiplication is preserved by substitution functors /*, as defined in the pullback (|7|. 

Proof, (i). We check associativity: 

p • (q-r) = [p, K 2 ] o (q ■ r) = [p, K 2 ] o [q, k 2 ] ° r 

= [[p, K 2 ] o q, k 2 ] o r = [p • q, k 2 ] o r = (p ■ g) ■ r. 

It is similarly easy to see that 1 = m is neutral element for this multiplication: 

p ■ 1 = [p, K 2 ] o ki = p 1 • q = [ki,k 2 ] o q = g. 

(ii). In the same way one checks that • p = = p ■ 0. We concentrate on ©. Let 
q, q' : X —> X + X be orthogonal predicates, say via bound b: X — >• (X + X) + X. 
We define the following two new bounds. 



((X 



\ 



X 
\p 

x + x 

X)+X) + 

I [id,K 2 ] 

(X + X) + X 



\ 



X 



d = 



J 



( x \ 

\b 

(X + X)+X 

j(p+p)+id 

((X + X) + {X + X)) + X 

|[[Ki+id,K 2 +id],ft 2 ] 

V (X + X) + X ) 



The bound c shows q ■ p _L q' ■ p and (g • p) © (g' • p) = (g © g') • p. Similarly, d proves 
p ■ q ± p ■ q' and (p • g) © (p • g') = p • (g © g'). 

(iii). For a map f : X ^ Y and predicates p, g : Y — > Y + Y we have /* (p ■ g) = 
/*(p) ' /*(?) by an easy uniqueness argument. □ 

With this result we can strengthen Proposition [3] 

Corollary 1. For each category C satisfying Assumption\l\there is a functor (indexed 
category): 



Pred 



EMon 



Example 15. In the category Sets we have seen in Example Q] that subsets U C X 
correspond to predicates py : X — > X + X, given by: pu{x) — K\x iff x € U. It is not 
hard to check that pu ■ pv = Punv- Hence in this case the multiplicative structure on 
predicates corresponds to intersection. 

In the Kleisli category K£(T>) of sets and stochastic relations predicates on X cor- 
respond to fuzzy predicates : X — > [0, 1], via p ¥ ,(x) = ip(x)KiX + (1 — ip(x))n 2 x. 
Multiplication p v ■ p^ describes the predicate p^.^, where ip ■ ip : X —> [0, 1] is the 
pointwise multiplication of probabilities. 

However, in this case we do not get an indexed category Pred : K£('D)° P — > EMon, 
since substitution /* as defined in (fTSl i does not preserve multiplication. 
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Positive maps between Hilbert spaces are in general not closed under composition. 
Therefore, effect algebras pPred(X) of positive predicates do not have a multiplica- 
tion ( fT4b as used above. 

However, in case our dagger biproduct category is also a dagger monoidal category, 
with tensor ((g), I), the positive predicates pPred(I) on the tensor unit / do carry a mul- 
tiplication ( TBI . The reason is that positive maps / — > I on I are closed under compo- 
sition, essentially because scalars always commute (multiplicatively), see (see 041121 ). 
Here we need a slightly more general result. It applies to so-called dagger monoidal 
categories, where (/ <Ei g)^ = f* ® and all monoidal isomorphisms (see e.g. 11481 
Ch. VII]) are dagger isomorphisms. 

Lemma 12. Let C be a dagger monoidal category. If both s : I — > I and t : X — > X 
are positive maps, then so is the "product" 

s * x = (X I<g>X I2>X -±>* X\ 

This operation * is sometimes called scalar multiplication. Later, in Section [8] we 
shall describe an analogous operation that we call probability multiplication. 

Proof. Since s, t are positive we can write them as s = /T o / and t = g^ o g, for some 
maps / : I — > A and g: X — > B. Then s*t = b) o h for h = (/® ff) o A" 1 : /4 
I® I -> A® B, because A -1 = . □ 

The (positive) predicates on the tensor unit will be called probabilities. They do 
carry a multiplication operation. 

Lemma 13. In a zerosumfree dagger monoidal additive category C, the collection 
pPred(I) of predicates on the tensor unit is an effect monoid, with multiplication ■ 
from (1141) given by composition: 

7Ti o (p • q) = (tti op) o (m o q). 

In Theorem\2\it will be shown that this operation is commutative. 

Proof. Since: 

7Ti o (p ■ q) = mo [p, k 2 ]o q = [ttx o p, 7Ti o k 2 ] o q 

— [tti op,0] o 5 

= 7Tl O p O [id, 0] O q — 7Tl O p O 7Ti o q. □ 

8 Effect modules 

In this section it will be shown that predicates carry the structure of an effect mod- 
ule: predicates can be multiplied with a probability (scalar). Unlike multiplication of 
predicates, this probability multiplication is well-behaved. 
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At this stage we assume our category C, which standardly has coproducts (0, +), 
also has a symmetric monoidal structure (/, ®), in such a way that tensors distribute 
over coproducts. The latter means that the canonical maps: 

, [Ki(g>id,«2C5id] , i 

(X <g> Z) + (Y <8> Z) - ■ i- {X + Y)(g>Z — ® Z 

are isomorphisms. We shall write dis : {X + Y)® Z (X ® Z) + (Y ® Z) for the 
inverse of the first map. There is an analogous map dis : Z ® (X + Y) (Z <g) X) + 

{Z®Y). 

In case C is a dagger biproduct category we also assume such a (distributive) sym- 
metric monoidal structure, where (I, ®) is a so-called dagger monoidal structure (see 
before LemmafT2l>. One can now describe the map dis explicitly as dis = (tti ® id, iT2 ® 
id). 

From the previous section we know that the predicates Pred(I) and positive pred- 
icates pPred(I) on a tensor unit I E C carry a multiplication operation ■ giving the 
structure of an effect monoid — assuming additional requirements guaranteeing effect 
algebra structure, see Section [5] We have described the (positive) predicates on / £ C 
as probabilities and write them as Pr(C), see Definition!!] We show that predicates (on 
arbitrary objects) come with a form of scalar multiplication, namely multiplication with 
probabilities. Such structures are the effect modules from Subsection l5.3l 

Definition 6. Let C be a monoidal category with coproducts, where tensors distribute 
over coproducts. For a probability s: I I + I and a predicate p: X — > X + X we 
define the probability product sup: X — > X + X as the following composite. 

X—^X + X 

I® X + x 



Before investigating the properties of this scalar multiplication, we briefly look at 
an example that makes clear what happens in this definition. 

Example 16. The Kleisli category K£(D) has monoidal structure (1, x ), essentially be- 
cause distribution I? is a so-called commutative (or monoidal) monad. These products 
x distribute over coproducts, like in Sets. Notice that in the Kleisli category K£(D) the 
set of scalars 1 — > 1 is a singleton, since the distribution monad is affine: T>(1) = 1. The 
probabilities, however, are non-trivial, and correspond to elements of the unit interval 
[0,1]. 

Indeed, a probability s: 1 — > T>(1 + 1) can be identified with a fuzzy predicate 
1 — > [0, 1], and thus with an ordinary probability s e [0, 1]. Next, assume we have an 
arbitrary predicate p v : X — > X + X, determined by a fuzzy predicate ip: X [0, 1] 
like in Example [3] The multiplication s • p v : X —> T>(X + X) from (TT~5T > works as 
follows. 



s(g>id+id 



(I + I)®X + X 

s [A+A,k 2 ] 

(I <x> X + I <g> X) + X - — x + x 



(15) 



42 



a. Applying the predicate p to an element x yields a convex sum p(x) = tp(x)KiX + 
(1 - <p(x))kix\ 

b. The probability s formally is a convex sum SK\ * +(1 — s)k2*, and turns p(x) into 
the convex sum: 

S ■ ip(x)KiKiX + (1 — s)tp(x)K2KlX + (1 — ip(x))fi2X 

c. The last two elements of this sum are combined in the outcome: 

s ■ <p{x)n\x + ((1 — s)(p(x) + (1 — ip(x)))n2X 
— s ■ lp{x)k\x + (1 — s ■ ip(x))K2X. 

Thus, s • p v — Ps-tp, where s ■ (p: X — > [0, 1] describes pointwise multiplication with 
s £ [0, 1]. Clearly, such multiplication • is preserved under substitution. 

Proposition 9. Assuming the relevant structure exists, probability multiplication • de- 
fined in ( 115b , 

(i) . turns sets of predicates Pred(X) and pPred(X) into effect modules; 

(ii) . is preserved by substitution /*, as defined in the pullback (O; 

(Hi), coincides with multiplication - from (1141 ) for probabilities, i.e. for predicates on the 
tensor unit I. 

Proof. We leave it to the reader to check that s • p: X — > X + X is well-defined, that 
is, satisfies V o (s • p) — id, and also that it is positive when both s,p are positive (via 
Lemma [T2|>. This • is a bihomomorphism of effect algebras. We prove preservation of 
© only in the second argument, and leave the first argument to the reader. So assume 
we have orthogonal predicates p, q : X — > X + X with bound b : X — > (X + X) + X. 
Given a probability s: I — > I + I we define a new bound c as: 

X^^(X + X)+X 

(\- 1 +\- 1 )+idlsi 

(I®X + I(g>X)+X ((I + I)®X + (I + I)<g>X)+X 

(dfe+«fis)+id je* 
((/ ® X + I <g> X) + (I ® X + I ® X)) + X 
[[(«ioA)+A,(k2oA)+A],k 2 ] J 

(X + X) + X 

This c is a bound for s • p and s • q, showing that s • (p © q) = (s • p) © (s • g). 

The next point is showing that • is an action, that is, 1 • p = p and (s • t) • p = s • 
(tup). This is laborious but straightforward. 

Preservation of probability multiplication under substitution, that is, f*(s • p) = 
s • f*(p), follows from a simple uniqueness argument in 

Finally, for probabilities s, t : 7 — > I + 1 we use that \ = p: I ® I I, in order to 
show that probability multiplication • in (fT~5T > is the same as multiplication ■ in (fT4l : 

s • t = [A + A, k 2 ] ° (dis + id) o ((s ® id) + id) o (A -1 + id) o t 
— \{P + P) ° ^ JS ° ( s ® id) ° P 1 , K2] o t 

= [p o (s (g) id) o K2] o t = [s, K2] o t — s ■ t. □ 



43 



There is an analogue of the famous Kelly-LaPlaza result (see 1141121 ) that states that 
composition of scalars — i.e. of endomaps I — > I on the tensor unit — is commutative. 
The proof is essentially as in [35 1. 

Theorem 2. Multiplication of probabilities is commutative. 

Proof. One proves that for two arbitrary probabilities s,t: I =$ I + I the two products 
s ■ t and t ■ s are both equal to the following composite. 

i^pri~®i — ^ — 

- jdis 

(J <g> (I + I)) + (/<&(/ + J)) 
^ |dis'+dis' 

((J ® J) + (J ® /)) + ((/ ® J) + (J ® J)) (p+p)+(p ° v) > j + j 

where dis' is the obvious (swapped) distribution isomorphism. □ 

Recall that we write Pr(C) for the collection of probabilities in a category C — 
assuming the relevant structure exists to consider (positive) predicates on the tensor 
unit I E C. These probabilities form a commutative effect monoid. The category of 
effect modules over this monoid is written as EModp r (c) • 

The next result is a direct consequence of Proposition [9] 

Proposition 10. For each category C satisfying Assumption Q] there is a functor ( in- 
dexed category): 

C op Pred ^ mod □ 



If we instantiate this result for Sets, we get Pr(Sets) = 2 = {0, 1} and EMod 2 = 
EA, since probability multiplication is trivial with truth values as probabilities. In fact, 
the predicates in this set-theoretic case are not just effect algebras but Boolean algebras. 

Proposition 11. For a zerosumfree dagger monoidal additive category B there are in- 
dexed categories: 

]-lso{C) op -^^EMod Pr[c) and ]-Mono{C) op -^t EMod Pr(c) 

Proof. What remains is to check that substitution ( fTOb preserves probability multiplica- 
tion. For a dagger mono (or unitary) map / : X >— > Y,a predicate q : Y — > Y Y and 
a probability s we can prove /*(s • q) = s • /* (q) via a direct calculation. □ 

Example 17. When we instantiate the last result with the category Hilb of Hilbert 
spaces we obtain an indexed category of "effects" 

t-Mono(Hilb) op — — s~ EMod [0jl] 
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As is well-known, the effects form an effect module over the effect monoid [0, 1] of 
ordinary probabilities, see 11381531 . 

In a similar manner, the category K2(T>) of sets and stochastic relations forms the 
basis for an indexed category: 

, , Pred=[0,l] (_) 

0(X>)°p - EMod [04] 

of fuzzy predicates. Also these fuzzy predicates [0, l] x form well-known examples 
of effect modules (over [0, 1]). What is new here is not only the functoriality of this 
construction, but also the uniformity, via predicates X — > X + X. 



9 Characteristic maps 

This section introduces characteristic maps char p for predicates p. These maps will be 
used for test operations [pi] and (pi) in the present section, and for measurement in the 
next section. Recall the predicate fix = K i + K 2 '■ X + X — >• (X + X) + (X + X) 
from Example [6] 

Definition 7. Let p: X — > X + X be a predicate, in a fibred category that supports 
predicates and substitution. A characteristic map for p is a morphism char p : X — > 
X + X in the base category with: 

p = (charp)* '{fix)- 

We intentionally use the notation fix that is standardly used for a subobject classi- 
fier in a topos (see e.g. |49|). It has the property that for each mono m: U >— > X there 
is a unique map chary : X — > fi forming a pullback: 

U >-l 

I J -i 
m { | T saying m = (char m ) (T). 

X ^ fi 

chary 

Notice that in a topos there is a fixed classifier, whereas in the current situation our 
fix '■ X + X —> {X + X) + {X + X) is parametrised by the object X. Also, in a topos 
characteristic maps are unique. In the present setting there is no uniqueness, but in our 
main examples we do have a canonical choice for char p . 

It turns out that in our examples of classical, probabilistic and quantum logic such 
characteristic maps exist. The quantum case is the most interesting. 

Lemma 14. Both in classical and probabilistic predicate logic, of the categories Sets 
and of K£{T>) respectively, one can take char p = p. 

Proof. In Sets, assume p = py\ X — > X + X for U C X like in ExampleQ] As shown 
in Example|6]the predicate fix in Sets is the left inclusion K\ : X X + X. Then: 

p*{fix) = = i x I P( x ) = K i x } = U. 
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In the Kleisli category K£(D) assume p = p v for a fuzzy predicate ip € [0, 1] , see 
Example [3] The predicate Qx corresponds to the fuzzy predicate i/j € [0, with 

ip(nix) = 1 and ip{n2x) = 0. Thus: 

p*{Q x ){x) = J2uex+xP( x )( u ) ■ V>(«) = p(x){kix) = y{x). □ 

In the set-theoretic case it is easy to see that characteristic maps are not unique. 
Assume a predicate p = pu : X — >• X + X representing U C X. If / : X —> X is an 
isomorphism with f(x) E U for x E U, then (/ + id) o p: X ^> X + X can also be 
used as characteristic map for p. 

We turn to quantum logic. For a positive predicate p = (pi,P2) ■ X — > X©Xinthe 
category FdHilb of finite-dimensional Hilbert spaces write Jp = (y/p\, y/p~2) '■ X — > 
X (B X. The square root y/J of a positive endomap / : X X in FdHilb is ob- 
tained as operator function (see e.g. BTl §§2.1.8]): write / as spectral decomposition 
/ = J2i ^i\ v i)( v t |> and define y/J = J2i V>n\v l )(vi |, via the square roots of the 
eigenvalues . Then y/J o y/J = / because the eigenvectors Vi are pairwise orthogo- 
nal. The 'square root lemma' says that for each positive operator / on a Hilbert space 
there is a unique positive y/J with yfj o y/J = f, see e.g. ||29l Theorem 1.33]. If / is a 
projection one has y/J = /, because a projection's eigenvalues are either or 1. 

The following result is essential. 

Lemma 15. For a positive predicate p: X — > X © X in FdHilb, the above map 
yfp : X X © X is a dagger mono. 

As a result there is a substitution functor {y/p)* ■ pPred(X © X) — > pPred(X) as 
in Proposition® It satisfies: 

p = ypfiflx), 

so that we can take char p = y/p in this quantum case. 

Proof. If p — (pi , P2) : X — > X © X is a positive predicate, then pi is positive, and so 
is y/pl; in particular, ^/pl is self-adjoint. Hence we simply compute: 

(y/pV y/P = (y/Pl, y/Pz)^ (y/Pl, VP2) 

= U/pi 1 '^ 1 ] (VPi'VPz) 

= [y/Pl, y/P2] (y/Pl, y/n) 

= V O (VPT© y/P2) O {y/pl®y/pl) O A 

= V o (pi ffip 2 ) o A 

= V o (pi,p 2 ) 

= id. 
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This map y/p: X >— > X © X in f-Mono(Hilb) satisfies, using substitution as described 
in ([TOll: 




= (Pl,P2) 

= p. □ 

Also in this quantum case there is no uniqueness, since also the pair (—y/px, ~y/V2l 
can serve as characteristic map. But if we require that char p consists of positive maps, 
then the pair (y/px, \fp~2) is the only possible choice. 

9.1 Towards dynamic logic 

Characteristic maps will be used in measurement, in the next section. But they can also 
be used to define generic test operators (p?) and [pi] like in dynamic logic |28|. 

Definition 8. Let p. q : X — > X+X be two predicates in a category with characteristic 
maps char and substitution. We define: 

{p7)(q) = (char p ) [(«i + «i) o q, k 2 o k 2 ] 
[p?](g) = (char p )* [(ki + kx) o q, Kx o k 2 ]. 

The cotuples [• • • ] on the right hand side involve different ways of extending qfrom a 
predicate on X to a predicate X + X — > (X + X) + (X + X) on X + X. 

Below we briefly check what these operations are in our three main examples, and 
leave further investigation of the logical rules involved (like in J51) to future work. 
The informal reading of the predicate (p?)(q) is as "p andthen q". This is in general 
not a commutative operation, see the third example below (in Hilbert spaces). In the 
other two examples, this "andthen" is the same as the effect monoid multiplication 
from Example [T5l The common reading of [p?](<?) is "p then q", understood as a weak 
version of (p?)(q). We briefly use these operations in Example [T9l 

Example 18. In the predicate logic of sets, predicates X — > X + X can be identified 
with subsets U C X, see Example [TJ In terms of these subsets the formulations in 
Definition [8] translate into the familiar conjunction and implications for subsets: 

(u?)(v) = un v 

[zj?](V) = u => v = ->(un -^v). 
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Predicates in the Kleisli category K£(D) of the distribution monad are in fact fuzzy 
predicates, see Example|3] For two such predicates <p, ip € [0, l] x on X we have: 



This last formula gives the so-called Reichenbach implication ll54l . 

Finally, in Hilbert spaces we can identify predicates on a space X with effects on 
X, see Example[5] For two such effects A, B : X —> X Definition[8]yields: 



As far as we know these formulas are new in "dynamic quantum logic". We illustrate 
their use in Example [T9l 

10 Measurement 

Measurement involves two key aspects, namely probability calculation, and passage to 
successor states. In the present context the former is done via substitution, see Exam- 
ple [T3j the latter will be described below, via the characteristic maps introduced in the 
previous section. 

At this stage we assume we have a category C with an indexed category P : C op — > 
EMod for predicates. For convenience we leave the underlying effect monoid of prob- 
abilities Pr(C) often implicit. The main examples involve the categories Sets, K£(D), 
and FdHilb. 

Given the indexed category P of predicates we define a new states functor S : C — > 
Conv, where Conv is the category of convex sets, over the effect monoid Pr(C), see 
Subsection l5.3l 

S(X) = EMod(PpO,Pr(C)) 
S(X -4 Y) = - o f* : EMod(P(X),Pr(C)) — > EMod(P(F),Pr(C)). 

A state s £ S(X) is thus a function that transforms predicates on X into probabilities 
(predicates on the tensor unit). This makes a state a predicate transformer, as used in 
classical work on program semantics, see ifTHI . Explicitly, s(p) G Pr(C) is the proba- 
bility that predicate p holds for s. 

Using the adjunction from Proposition [2] we may describe the situation as follows. 



((p1)(ip)(x) = <p(x) ■ tp(x) 
[ip?](ip)(x) = tp(x) ■ ip(x) + 1 - ip(x) 

= 1 - <p(x) ■ (1 - *P(x)) = (<p{x) ■ Mx) 1 -) 



(A?){B) = VABVJ 

[A1]{B) = (y/AB VI) + id - A. 



Hom(-,Pr(C)) 



EMod op 



T 



Conv 




C 
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The left (predicate) part of this diagram is associated with Heisenberg, and the right 
(state) part with Schrodinger, see ll29l . 

Measurement is specified here by a predicate p: X — > X + X. Measurement then 
exists in three forms, namely for pure states, for states as predicate-transformers, and for 
mixed states. Measurement wrt. p uses the associated characteristic map char p : X — > 
X + X in the base category of the indexed category. 

(1) For pure states, that is, for elements x: I — > X in the base category, pure state 
measurement yields the pure state char p o x : I —> X + X. 

(2) For states as predicate-transformers, measurement is the map: 

S(X) ^ , S(X + X) 

(3) Mixed states M(X) arise for certain objects X as alternative descriptions M(X) = 
S(X) of predicates-to-probabilities. Via this isomorphism one gets mixed state 
measurement as map M (X) ->• M(X + X). 

This description gives only a pattern, which will be elaborated for our three main 
examples in the remainder of this section. In each case the coproduct type X + X 
for measured states gives a pattern-match outcome, making it possible to proceed dif- 
ferently, depending on whether the predicate used in measurement holds or not: these 
coproducts "represent the branching arising from the indeterminacy of measurement 
outcomes" (cited from [2, §§6, point 6a]). Such a coproduct X + X is the appropriate 
output type, because only by taking both outcomes (left and right) into account one gets 
a probability distribution, with sums of probabilities adding up to 10. 



Set-theoretic measurement In the set-theoretic case we have booleans 2 = {0, 1} 
as probabilities. The predicate functor is powerset V : Sets op — > EMocb = EA. The 
associated state functor S: Sets — > C011V2 = Sets is: 

S(X) = EA(V(X),2) = BA(V(X),2), by LemmaEJ 

This S is also known as the ultrqfilter monad (see B46I391 ). 

For a predicate p : X — > X + X in Sets the pure state measurement map is p itself: 

Hom(l, X) = X — charp=P > X + X = Hom(l, X + X) 
Measurement on predicate transformers is described by: 

S(X) - BA(V(X), 2) !_^>±^ BA(V(X + X), 2) - S(X + X) 

3 Instead of using such coproduct outcomes the probability or trace is often normalised via a 
suitable division, like in -^jpj for a density matrix p. But this may fail, typically if one has to 
divide by 0. In the present situation this handled by adding P x in the right part of a coproduct. 
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where p* is the substitution functor 

Pred(X + X)= V(X + X) > V{X) = Pred(X) 

If X is a finite set, then by the finitary version of Stone duality (see e.g. (|4|) one 

has: 

S(X) = BA(V(X),2) = X. 

Thus pure states, mixed states and states as predicate-transformers are the all same in 
the (finite) set-theoretic case. Via this isomorphism the measurement map S(char p ) is 
simply the predicate p itself, measurement operation: 

X ^X + X 

This predicate p, as measurement operation, sends a state x € X to either the left or the 
right component of X + X, depending on whether p holds for x. We shall see a similar 
behaviour in the other examples. 



Probabilistic measurement We now work in the Kleisli category Ki{V) of sets and 
stochastic relations. The predicates Pred(X) on a set X can be described as fuzzy rela- 
tions [0, l] x . As a result, the state functor S : Sets — > Conv is given by: 

S(X) = EMod([0,l] x ,[0,l]). 

This is the expectation monad from [37|. 

Assume a predicate p : X X+X in the category K£(D). A pure state m: 1 — >• X 
corresponds to a distribution m G T>(X). The pure measurement operation is thus given 
by Kleisli composition: 

char„ o ( — ) — po ( — ) 

Hom(l, X) = V(X) — V(X + X)= Hom(l,X + X) 

This map is the Kleisli extension p# of the function p: X — >• T>(X + X), see Subsec- 
tion [23] and G7} below. 

Measurement on predicate-transformers involves the map: 

EMod([0, 1} X , [0, 1]) !i!^M±j!C EMod([0, 1]*+* [0, 1]) 

II II 

S(X) S(X + X) 

involving the substitution functor: 

Pred(X + X) = [0, \] x+x ^ [0, l] x = Pred(X), 

given by p* {^){x) = p(x)(k\x) ■ ip(nix) + p(x)(n2x) • ip( K 2x). 
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As noted in |[371 , if X is a finite set, there is an isomorphism of convex sets, between 
the distribution monad and the expectation monad on X: 

V{X) 1 -EMod([0,l] x ,[0,l]), (16) 

given by £(m)(ip) = ^ m(x)-(fi(x). Thus the mixed states are the distributions T>(X), 
and coincide with the pure states and with the states as predicate-transformer, also in the 
probabilistic case. Via the isomorphism £ we get a mixed-state measurement operation 
which coincides with pure-state measurement: 

, n p* I ptt{m)(nix) — mix] ■ p{x)(n\x) 

V(X) V{X + X) givenby I , (17) 

I p#(m)(K2x) = m(x) ■ p(x)(k2x) 

A distribution m G D(X) yields via p# a new distribution in D(X + X), where the 
probability of an element K\x in the first component is given by m's probability of x 
multiplied by the probability that the predicate p holds for x. Similarly, for k-ix, one 
uses the probability p(x)(K2 x) = 1 — p{x)(nxx) thatp does not hold for x. Thus, the 
predicate p splits the state m into two parts, as a state with type X + X, and multiplies 
the probabilities in m with p's probabilities, as weights. 



Quantum measurement for Hilbert spaces We now assume a positive predicate p = 
(p\,P2) '■ H — > H H on a finite-dimensional Hilbert space H, where p\ : H — > H 
is an effect with orthocomplement p2 = id — p\ = P\- There is an associated dagger 
mono char p = ^fp = (^/pi, \fp~2) ■ H >—> H © H , as described before Lemma fT~5l 

The base category is the subcategory f -Mono(FdHilb) of dagger monos. Measure- 
ment of pure states happens simply via post-composition on dagger monos: 

i—U-xy — ^(^i^+x®x) (18) 

Thus, an element x G H with ||a;|| 2 = 1 is sent to the successor state x' = char p o 
x — y/p o x G H H, also with ||x'|| 2 = 1. This successor state consists of two parts, 
Y^jT o x on the left with appropriate amplitudes incorporating the probability that the 
measurement wrt. predicate p succeeds, and ^fp~2 o x on the right where it does not 
succeed. This is elaborated in an example below. 

On states as predicate-transformers we get the map: 

, S(char v )=S(^/p) = (-)o(^/p)' 

EMod(£/(tf), [0, 1]) v W w > EMod(£/(# © H), [0, 1]) 

II II (19) 

S(H) S(H®H) 

where we use that <Jp is a dagger mono, and so, by Proposition|6] we have a substitution 
functor yp)* : £f(H © H) S pPred(H + H) -> pPred{H) = Sf(H), given by 
A i y {y/pY o A o y/p, following ([Tot . 
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For mixed state measurement we use that state-transformers can be described as 
density matrices (positive operators with trace 1), via the isomorphism, 



TM(H) 1 a-EMod (£/(#), [0, 1]), 

given by £ (p) (A) = tr(pA) , see M9I38I . Via this £ we obtain the following measurement 
operation for mixed states. 

TM(H) s- TM{H © H) 

(20) 

P I *- VP° P° (VpV = (y/Pl, y/P2) ° P ° [y/Pl, y/P2\- 

For convenience, write p' — y/p o p o (y/p)' : H © H —> H © H. This p' is again a 
density matrix, since: 

- p' is positive: if p = /T o /, then g = f o {*Jpy yields g* o g = p'; 

- p' has trace 1, since by the cyclic property of the trace operation, that is, tr(AB) = 
tr(BA), one has: 

tr(p') = tr(y/p o p o = tr(p o (^p)t o y/p) 

= tr(p) since yfp is a dagger mono 
= 1. 

In order to check that predicate-transformer measurement ( TT~9b and mixed-state mea- 
surement (l20b coincide we consider the following diagram. 



TM{H) 1 EMod(£/(#), [0, 1]) 



v^°(-)°( % ^) t 



V\4(H®H) 1 > EMod(£/(# © £T), [0, 1]) 

It commutes, since for p e TM (H) and Ae £f(H © if), 

= ^(p)((vp) to ^° v^) b y® 

= tr{p ° (VP)" 1 oAo Vp) 

= tr(y/p o p o (y/pY o A) by the cyclic property 

Finally, if we apply mixed-state measurement UM.(H) — > ThA(Il © fi) in d20l i to a 
density matrix x o x^ coming from a pure state x: I X, then the outcome is the 
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density matrix coming from the result x' = Jp o x of pure-state measurement in ( fT8) , 
since: 

x' O X 1 ' — (y/j) O X) O (y^ O Xy — y/p O (x O X' ) O ( ^/p) T . 

In the end we like to offer an explanation for the occurrence of the square root y/p 
of predicates in quantum measurement. Assume the associated effect pi — ° P has 
spectral decomposition ^i\ v i){ v i |> with eigenvalues A^ £ [0, 1] and orthonormal 
eigenvectors | vi ) . These A; are weights, or multiplication factors, for the probability of 
having a measurement outcome | Vi ), as illustrated in Example [T3l The probabilities of 
the measurement outcomes are obtained, via the Born rule, as squares of the absolute 
values of the amplitudes. Hence in order to multiply these probabilities with Ai, one has 
to multiply the underlying amplitudes with ^/Xl. This happens in measurement wrt. to 
a predicate p, namely via ^Jp. Thus, eigenvalues are not irrelevant in measurement (as 
argued e.g. in [55 1): they do have a precise role when we use measurements specified 
by predicates (i.e. effects). The categorical approach used here gives eigenvalues their 
proper role, namely as probability scalars. 

Remark 5. As illustrated above, predicates p = (pi,p 2 ): X — > X © X can be used 
for "binary" measurement. It is quite natural to do n-ary measurement, say via a map 
p = (pi , . . . , p n ) : X — > X © • • • © X, where each pi is an effect, and ^\ pi = id. 

In case we have an n-ary projective measurement, these p^s are projections, which 
are pairwise orthogonal — so that pi o p } ■ — for i ^ j. Such projective measurement 
can be reduced to predicates as used here. This will be illustrated for n = 3. So assume 
we have orthogonal projections p\ , p2 , P3 : X — > X with p\ + p2 + P3 = id. Then we 
can form the following two predicates on X. 

qi = (pi,id-pi) and q 2 = (p 2 ,id-p 2 ). 

By consecutively doing qi and then q 2 on the second ©-component we get the triple 

(p 1 ,p 2 ,p 3 ): X X © X © X, since: 

(id © q 2 ) o qi = (p 2 , id - p 2 ) o (id - p x )) 

= (Pi, (P2 o (id -pi), (id -p 2 ) o (id - pi))) 

= (Pi, (P2 - (P2 o pi), id - p 2 - ((id - p 2 ) o p x )))) 

= (Pi, (P2 -0, id -p 2 - {pi - (p 2 opi)))) 

= (Pi, (P2, id -pi - Pi +0)) 

= (Pi, (P2, P3»- 

The more general form of measurement described in lET] §§2.2.3] can be reduced to 
such projective measurement, see loc. cit. 

We conclude with a probability calculation in the present setting for the famous 
polarisation experiment, described for instance in ll55l . 

Example 19. The idea in the polarisation experiment is to send photons polarised as 
| t > = |0) = ( I ) through filters. 
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(1) If these photons hit one filter with polarisation | — > ) = 1 1) = (5), then nothing 
passes. 

(2) Next assume there are two consecutive filters: first the |0)-photons have to go 
through a filter with polarisation | /* ) = ^= ( \ ), and then through a filter with po- 
larisation | — >• ) = 1 1 ) = ( I ) . Surprisingly, now one quarter of the original photons 
get through. We refer for an explanation to e.g. 1331 . and focus on a calculation of 
this probability j in the current quantitative logic. 

For the experiment (1) we use the predicate pi j\ : C 2 — > C 2 © C 2 given by: 

Pn) = id - 1 1>< 1 1 > = (|1)(1|, |0><0 1 > = ((§?), (JO)) 

The probability of a photon 1 ) getting through filter 1 1 ) is obtained via the quantum 
substitution formula (fTOb (or Born rule), like in Example [TJl 

TTl O |0)*(P| 1> ) =7T 1 o(|0)t©|0)t)op| 1> o|0) 
= |0) f OTTl ° P|l> |0) 

= <o 1 1><1 1 0> 
= 0. 

For experiment (2), with an intermediate | /• ) -filter, we use the associated predicate 

p\ /. ) : C 2 -> C 2 © C 2 given by: 

P\S) = id-|^)</|) = (|^X^|, \\){\\) 

= (5(11)1 \ ( _i 1 ) )j 

where | \ ) = ^75 ( -1 )■ This predicate satisfies ^Jp\/-) = V\/*) smce it is a projec- 
tion. The probability that a 1 0) -polarised photon gets through a | /• ) -filter is given, as 
above, by: 

*rio|o)*Gv» = |o)t|^)(^||o) = (o|^)(o|/<) = 75-75 = 3' 

But we are interested in the consecutive use of two filters, pi 1 \ after p\/-)- We shall use 
the "pi \ andthen pi 1 ) " dynamic operator (pi \ ?) (pi 1 > ) from Subsection l9.1l for this 
purpose. As effect it can be described like in Example Q~8] as: 

Cp|/ , } ? )(P|i>) = V 771 °P|/ , )( 7r i °P|i))\/ 7ri °^i/ , > 

= l^)(^l|i>(i||/ , X/l 

- ifiiWOOUfin 
~~ 2U1K01/2UU 

4 ^ 1 1 I ■ 

The probability of k in the above experiment (2) is now calculated via substitution 
(Born) as follows. 

|0>*(P|^>?>(P|1>) = |0>t(p|^?>(p|i>)|0) 

= (io)|(ii)(j) = |(io)(j) = i 
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As an afterthought we add that the weaker "p\/<) then pi i >" test operator [p\ y ) ?] (p| i ) ) 
adds the option that the photon does not get through the first filter | /~ ) — which 
happens with chance \ — and thus yields as outcome: 

|0>*[^>?](pn>) = |. 

Details of this calculation, via the corresponding formula for effects in Example [T8l are 
left to the reader. 

11 Conclusions 

This paper has elaborated the first steps of a new categorical logic based on predicates as 
maps of the form X — > X + X. It has shown that this alternative representation makes 
sense, especially in a quantitative setting, for classical, probabilistic, and quantum logic; 
it involves operations in the style of dynamic logic and measurement wrt. a predicate in 
each of these logics, via appropriate characteristic maps. 

The current work offers several avenues for further research. As already mentioned 
in the introduction, tensors do not really play a role yet in the current framework, and 
their logic is still missing. Such extension is needed for a comparison between the 
tensor-based approach to measurement "without sums" in (15], and the current logi- 
cal/quantitative approach in which these sums are fundamental (in order to define pred- 
icates in the first place). Also, it would be interesting what the "strange" aspects of 
quantum theory, like non-locality and contextuality, look like in the current logical set- 
ting. On the categorical side, a precise axiomatisation of the structures used in this paper 
may lead to further clarity (through abstraction), and possibly to a notion of a "quan- 
titative topos". On the syntactical side a precise description of predicates, their effect 
module structure, substitution, and test operations [pi] and (p?), together with a proof 
calculus, could be useful. 

Acknowledgements Thanks go to Jorik Mandemaker, Chris Heunen, Robert Furber, 
and Ichiro Hasuo for helpful discussions and feedback. 
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